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vl ..v**^ PREFACE, 



have also attempted to render many of the proofs, 
as, for instance, those of Propositions 2, 13^ and 35 
in Book L, and those of 7, 8, and 13 in Book IL, 
less confusing to the learner. 

In Propositions 4, 5, 6, 7, and 8 of the Second 
Book I have ventured to make an important change 
in Euclid's mode of exposition, by omitting the 
diagonals from the diagrams and the gnomons from 
the text 

In the Third Book I have deviated with even 
greater boldness from the precise line of Euclid's 
method. Thus I have given new proofs of the Pro- 
positions relating to the Contact of Circles : I have 
used Superposition to prove Propositions 26 to 29, 
so as to make each of those theorems independent 
of the others ; and I have directed the attention of 
the learner to the Intersection of Loci, and to the 
conception of an Angle as a magnitude capable of 
unlimited increase. 

In the Fourth Book I have made no change of 
importance. 

My treatment of the Fifth Book was suggested 
by the method first proposed, explained, and de- 
fended by Professor De Morgan in his Treatise 
an the Connexion of NuTnJber and Magnitude. The 
method is simple and rigorous, presenting Euclid's 
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PREFACE. 



To preserve Euclid's order, to supply omissions, 
to remove defects, to give short n6tes of explanation 
and simpler methods of *proof in cases of acknow- 
ledged difiBiculty — such are the main objects of this 
Edition of the Elements. 

The work is based on the Greek text, as it is 
given in the Editions of August and Peyrard. To 
the suggestions of the late Professor De Morgan, 
published in the Companion to the British Almanack 
for 1849, 1 have paid constant deference. 

A limited use of symbolic representation, wherein 
the symbols stand for words and not for operations, 
is generally regarded as desirable, and it is certain 
that the symbols employed in this book are admis- 
sible in the Examinations at Oxford and Cambridge. 

I have generally followed Euclid's method of 
proof, but not to the exclusion of other methods 
recommended by their simplicity, such as the de- 
monstrations by which I propose to replace t\v^ 
da&cvlt Theorems 5 and 7 in the "First liooY. T 
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During the two years in which I have been en- 
gaged on this work, I have received from Teachers 
of Geometry in all parts of the country so much 
encouragement to proceed, and so much assistance 
at each step of my progress, that I feel justified in 
asserting that no text-book on Elementary Geometry 
is likely to meet with general support in England, 
if it involve any vide departure from the Euclidean 
modeL 

It only remains for me to offer my thanks to 
the friends who have improved this work by their 
advice, and to assure each reader of the book that 
any suggestion for its furl her improvement will be 
thankfully received by me. 

J. HAMBLTN SMITH. 



42 Trumpington Street, 
Cambridge, 1872. 
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INTRODUCTORY REMARKS. 

Whjsn a block of stone is hewn from the rock, we call it a 
Solid Body, The stone-cutter shapes it, and brings it into 
that which we call regularity of form ; and then it becomes 
a Solid Figwe. 

Now suppose the figure to be such that the 
block has six flat sides, each the exact counter- 
part of the others ; so that, to one who stands 
facing a comer of the block, the three sides 
which are visible present the appearance re* 
presented in this diagram. 

Each side of the figure is called a Surface; and when 
smoothed and polished, it is called a Flane Surface. 

The sharp and well-defined edges, in which each pair of 
sides meets, are called Liiiea, 

The place, at which any three of the edges meet, is called 
a Point 

A Ma^nitvde is anything which is made up of parts in any 
way like itself. Thus, a line is a magnitude ; because we may 
regard it as made up of parts which are themselves lines. 

The properties Length, Breadth (or Width), and Thickness 
(or Depth or Height) of a body are called its Dimendom. 

We make the following distinction between Solids, Surfaces, 
lines, and Points : 

A Solid has three dimensions, Length, Breadth, I'hickness. 

A Surface has two dimensions, Length, Breadth. 

A Line has one dimensiotl, Length. 

A point has no dimensions. 
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BOOK I. 

DEFINITIONS, 

I. A Point is that which has no parts. 

This is equivalent to saying that a Point has no magnitude^ 
since we define it as that which cannot be divided into smaller 
parts. 

IL A LiNB is length without breadth. 

We cannot conceive a visible line without breadth ; but 
we can reason about lines as if they had no breadth, and this 
is what Euclid requires us to do. 

III. The Extremities of finite Lines are points. 

A point marks position, as for instance, the place where a 
line begins or ends, or meets or crosses another line. 

IV. A Straight Line is one which lies in the same direction 
from point to point throughout its length. 

V. A Surface is that which has length and breadth only. 

VI. The Extremities of a Surfacb are lines. 

VII. A Plane Surface is one in which, if any two points 
be taken, the straight line between them lies wholly in thai 
surface. 

Thus the ends of an uncut cedar-pencil are plane sur&ces ; 
but the rest of the surface of the pencil is not a plane surface^ 
since two points may be taken in it such that the strcdght line 
joining them will not lie on the surface of the^enciL 

In our introductory remarks we gave examples of a Surface, 
a Line, and a Point, as we know them through the evidence 
of the senses. 
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The SurfiEuses, Lines, and Points of Geometry may be regarded 
as mental pictores of the surfaces, lines, and points which we 
know from experience. 

It is, however, to be observed that Greometry requires us to 
conceive the possibility of the existence 

of a Surface apart from a SoUd body, 
of a line apart from a Surface. 
of a Point apart from a Line. 

VIII. When two straight lines meet one another, the inclina- 
tion of the lines to one another is called an Angle. 

When two straight lines have one point common to both, 
they are said to form an angle (or angles) at that point. The 
point is called the vertex of the angle (or angles), and the lines 
are called the arms of the angle (or angles). 





Thos^ if the lines OA, OB are terminated at the same 
point O, they form an angle, which is called the cmgle at 0, or 
the angle AOB, or the angle BOA,— the letter which marks 
the vertex being put between those that mark the arms. 

Again, if the line CO meets the line DE at a point in the 
line DE, so that is a point common to both lines, CO is said 
to make with DE the angles COD, COE ; and these (as having 
one arm, CO, common to both) are called adjacent angles. 

Lastly, if the lines FG, HK cut each other in the point 0, 
the lines make with each other four angles FOB, HOG, GOK, 
KOF; and of these GOH, FOK are called vertically opposite 
angles, as also ate FOB and GOK. 
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"When Hhru or more straight lines as OA, OB, OC, OD have 
a point common to all, the angle formed by one of them, OD^ 




with OA may be regarded as being made up of the angles AOBy 
BOC, COD ; that is, we may speak of the angle AOD as a 
whole, of which the parts are the angles AOBy BOC, and COD* 

Hence we may regard an angle as a Magnitude, inasmuch 
as any angle may be regarded as being made up of parts which 
are themselves angles. 

The size of an angle depends in no way on the length of 
the arms by which it is bounded. 

We shall explain hereafter the restriction on the magnitude 
of angles enforced by Euclid's definition, and the important 
results that follow an extension of the definition. 

IX. When a straight line (as AB) meeting another straight 

line (as CD) makes the adjacent 

angles (ABC- ajid ABD) equal 

to one another, each of the angles 

is called a Right Angls ; and 

each line is said to be a Pert 

PBNDicuLAR to the Other. C' 
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X. An Obtuse Angle is one 
which is greater than a right 
angle. 

XI. An Acute Angle is one 
which is less than a right angle. 

'"XL A Figure is that which is enclosed by one or more 
daries. * ^^ 
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Xni. A Circle is a plane figure contained by one line, 
which is called the Circumference, and is such, that all 
straight lines drawn to the circumference from a certain point 
(called the Centre) within the figure are equal to one 
another. 

XrV. Any straight line drawn from the centre of a circle to 
the circumference is called a Badius. 

XV. A Diameter of a circle is a straight line drawn through 
the centre and terminated both ways by the circumference. 




Thus, in the diagram, is the centre of the circle ABCD, 
OA, OB, OC, OD are Kadii of the circle, and the straight line 
AOD is a Diameter. Hence the radius of a circle is half the 
diameter. 

XVI. A Semicircle is the figure contained by a diametei 
and the part of the circumference cut ofif by the diameter. 

XVII. Rectilinear figures are those which are contained 

by straight lines. 

The Perimeter (or Periphery) of a rectilinear figure is the 
sum of its sides. 

XVni. A Triangle is a plane figure contained by three 
straight lines. 

XIX. A Quadrilateral is a plane figure contained by 
four straight lines. 

XX. A Polygon is a plane figure contained by more than 

four straight lines. 

When a polygon has all its sides equal and aW \\& «!cv^<fe"& 
eqnal it is called a regular polygon. 
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or, as he calls them, Common Notions, applicable (with the 
exception of the eighth) to all kinds of magnitudes, and not 
necessarily restricted, as are the Postolates, to gwmebrical 
magnitudes. 

Axioms. 

I. Things which are equal to the same thing are equal to 
one another. 

II. If equals be added to equals, the wholes are equal 

III. If equals be taken from equals, the remainders are 
equaL 

IV. If equals and unequals be added together, the wholes 
are unequal 

V. If equals be taken from unequals, or unequals from 
equals, the remainders are unequal 

VI. Things which are double of the same thing, or of equal 
things, are equal to one another. 

/ YIL Things which are halves of the same thing, or of equal 
things, are equal to one another. 

VIIL Magnitudes which coincide with one another are 
equal to one another. 

IX. The whole is greater than its part. 

With his Common Notions Euclid takes the ground of 
authority, saying in effect, '' To my Postulates I request, to 
my Common Notions I daim, ^our assent." 

Euclid develops the science of Greometry in a series of 
Propositions, some of which are called Theorems and the rest 
Problems, though Euclid himself makes no such distinction. 

By the name Theorem we understand a truth, capable of 
demonstration or proof by deduction from truths previously 
admitted or proved. 

By the name Problem we understand a construction, capable 
of being effected by the employment of principles of construc- 
tion previously admitted or proved. 

A Corollary is a Theorem or Problem easily deduced from, 
or effected by means of, a Proposition to which it is attached. 

We shall divide the First Book of the Elements into three 
sections. The reason for this division will appear in the course 
* the work. 
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SYMBOLS AND ABBREVIATIONS USED IN BOOK I. 



•/ for because 

/. therefore 

= is (or are) equal to 

L angle 

A i.. .triangle 



© fw circle 

O ce circumx'erence 

II parallel 

O parallelograni 

4. perpendicular 



equilat. equilateral 

extr. exterior 

intr. interior 

pt point 

rectiL rectilinear 



reqd required 

rt , right 

sq square 

sqq squares 

st .....straight 



It is well known that one of the chief difficulties with 
learners of Euclid is to distinguish between what is assumed, 
or given, and what has to be proved in some of the Pro- 
positions. To make the distinction clearer we shall put in 
italics the statements of what has to be done in a Problem, 
and what has to be proved in a Theorem. The last line in the 
proof of every Proposition states, that what had to be done 
or proved has been done or proved. 

The letters Q. 1;. ?. at the end of a Problem stand for Quoi 
9ir<A faxitfndmnk. 

The letters q. e. d, at the end of a Theorem stand for Quod, 
erat demonstrandum. 

In the marginal references : 

Post, stands for Postulate. 

Def. Definition. 

Ax Axiom. 

I. 1 Book I. Proposition 1. 

Hyp. stands for Hypothesis, supposition, and refers to 
•wnething granted, or assumed to be true. 
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SECTION I. 
On the Properties of Triangles, 

Proposition I. Problem. 

To describe an equilateral triangle on a given straight 
line. 




Let ABhe the given st line. 

It is required to describe an equilat, A on AB. 

With centre A and distance AB describe © BCD, Post. 3. 
With centre B and distance BA describe © ACE, Post. 3. 

From the pt. 0, in which the ® s cut one another, 

draw the st. lines CA, CB, Post. 1. 

Then will ABC be an equilat. A . 

For •.• ^ is the centre of © BCD, 

.-. AC=AB, Def. 13. 

And •/ B is the centre of © ACE, 

,'. BC=AB, Bef. 13. 

Now •.* AC, jBCare e2Lch=AB, 

,'. AC=BC, Ax. 1. 

Thus AC, AB, BC are all equal, and an equilat. A ABO 

f been described on AB, 



'^ 
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PROPOSITION IL 



II 



Proposition II. Problem. 

From, a given point to draw a straight line equal to a 
given straight line. 




Let A be the given pt., and BC the given st. line. 
It is required to draw from A g> st. line equal to BC, 



From A to B draw the st. line AB, Post. 1. 

On AB describe the equilat. A ABD, I. 1. 

"With centre B and distance BC describe © CGH, Post. 3. 

Produce DB to meet the Qoe CGH in G. 
With centre D and distance DG describe GKL. Post. 3.^ 

Produce DA to meet the Qce GKL in L, 

Then wiU AL^BC, 

For •.* JB is the centre of © CGH, 

.', BC=BG, . Def. 13. 

And •.' D is the centre of © GKLj 

.-. DL=DG. Def. 13. 

And parts of these, DA and DB, are equal. Def. 21. 

.'. remainder -4L=remainder BG, Ax. 3. 

But BC=BG ; 

.-. AL=BC, ksLV 

S^tts Irom pt A a st line AL has been drawu^BC. 
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Proposition III. Problem. 

jFVom i)ht grealer of two given straight lines to cut off 
a part equal to the less. 




Let ABhQ the greater of the two given st. lines AB^ CD, 
It is required to cut off from AB a part= CD, 
From A draw the st. line AE=^ CD, I. 2. 

With centre A and distance A.E describe EFff, 

cutting AB in F, 

Then wiU^F= CD. 

For •.• ^ is the centre of © EFH, 

,\ AF=AE, 
But AE=CD; 

.', AF=CD. Ax. 1. 

Thus from AB a part AF has been cut off = CD, 

Q. E. F. 

Exercises. 

1. Shew that if straight lines be drawn from A and B in 
the diagram of Prop. i. to the other point in which the circles 
intersect, another equilateral triangle will be described on 
AB, 

2. By a construction similar to that in Prop. iii. producer 
the less of two given straight lines that it may be equal to the 
greater. 

3. Draw a figure for the case in Prop, ii., in which the 
given point coincides with B. 

4. By a similar construction to that in Prop. i. describe 
on a given straight line an isosceles triangle, whose equal sides 
fh^)} he each equal to another given straight \me. 
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Proposition IV. Theorem. 

If two iriangle» have two sides of the one equal to two sides 
of the other, each to ea^ihj and have likewise the angles contained 
by those sides equal to one another, they must have their third 
sides equal ; arid the two triangles must he equal, and the other 
angles must he equal, each to each, viz, those to which the equal 
sides are opposite. 







N 



In the lbABG,BEF, 
let AB^DE, and AC^BF, and i BAG^ l EDF, 
Then must BC=EF and A ABC = A DEF, and the other 
IS, to which the equal sides are opposite, mu^t be equal, that 
is, L ABC= L DEF and l AOB^ l DFE, 

For, if A ABC be applied to A DEF, 
so that A coincides with D, and AB falls on DE, 
then •/ AB=DE, .', B will coincide with E. 

And •/ AB coincides with DE, and z BAC-= l EDF, Hyp 

.-. JlOwiUfaUonDl^. 
Then •/ AC=DF, ,\ C will coincide with F, 
And •/ jB will coincide with E, and C with F, 
/. BC wiU coincide with EF ; 

for if nof, let it &11 otherwise as EOF: then the two st. 
lines BC, EF will enclose a space, which is impossible. Post. 5. 

/. BC will coincide with and .'. is equal to EF, Ax. 8. 

and A ABC. a DEF, 

ind I ABC. I DEF, 

and z ACB l DFE. 
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Note 1. On the Method of Superposition. 

Two geometrical magnitudes' are said^ in accordance with 
Ax. VIII. to be equal, when they can be so placed that the 
boundaries of the one coincide with the boundaries of the 
other. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities coincide : and two angles 
are equal, if they can be so placed that their vertices coincide 
in position and their arms in direction : and two triangles are 
equal, if they can be so placed that their sides coincide in 
direction and magnitude. 

In the application of the test of equality by this Method of 
Superposition, we assume that an angle or a triangle may be 
moved from one place, turned over, and put down in another 
place, without altering the relative positions of its boundaries. 

We also assume that if one part of a straight line coincide 
with one part of another straight line, the other parts of the 
lines also coincide in direction ; or, that straight lines, which 
coincide in two points, coincide when produced. 

The method of Superposition enables us also to compare 
magnitudes of the same kind that are unequal. For example, 
suppose ABG and DEF to be two given angles. 





Suppose the arm BG to be placed on the arm EF, and the 
vertex B on the vertex E. 

Then, if the arm BA coincide in direction with the arm ED, 
the angle ABC is equal to DEF, 

If BA fall between ED and EF in the direction EF, 
ABG is less than DEF. 

If BA fall in the direction EQ so that ED is between 
EQ and EF, ABG is greater than DEF. 
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Note % On the Conditions of Equality of two Triavgles, 

A Triangle is composed of six parts, three sides and three 
angles. 

When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the Triangles aie said 
to be equal in all respects. 

There are four cases in which Euclid proves that two tri- 
angles are equal in all respects ; viz., when the following parts 
are equal in the two triangles. 

1. Two sides and the angle between them. I. 4. 

% Two angles and the side between them. I. 26. 

3. The three sides of each. I. 8. 

4. Two angles and the side opposite one of them. I. 26. 

The Propositions, in which these cases are proved, are the 
most important in our First Section. 

The first case we have proved in Prop. ly. 

Availing ourselves of the method of superposition, we can 
prove Cases 2 and 3 by a process more simple than that em- 
ployed by Euclid, and with the further advantage of bringing 
them into closer connexion with Case 1. We shall therefore 
fi;ive three Propositions, which we designate A, £, and C, in 
the Place of Euclid's Props, v. vi. vii. viil. 

The displaced Propositions will be found on pp. 108-112. 

Proposition A corresponds with Euclid I. 5. 

B I. 26, first part. 

I 8. 
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Proposition A. Theorem. 

If two sides of a triangle be equals the angles opposite those 
sides 7au8t also he eqwd. 




a a 




In the isosceles triangle ABO^ let AC^AB. (Fig. 1.) 

Then must l ABG^ l ACB, 

Imagine the A ABG to be taken up, turned round, and set 
down again in a reversed position as in Fig. 2, and designate 
the angular points A'y ^, (j. 



Then in a s ABC, A'CBT, 

v AB=A'Cr, and AC^A'B', and z J5^0= z CA'B', 

.'. lABC^iA'CB^. 1.4. 

But lA'CB^iACB', 

,\ L ABC= L ACB. Ax. 1. 

Q.E.D^ 

CoR. Hence every equilateral triangle is also equiangular. 

Note. When one side of a triangle is distinguished from 
the other sides by being called the Base, the angular point op- 
site to that side is called the Vertex of the triangle. 
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Proposition B. Theorem. 

If two triangle have two angles of the one equal to two 
angles of the other, each to each, and the sides adjacent to 
the equal angles in each also equal ; then must tlie triangles 
he equal m all respects. 





In A s ABC, DBF, 
let z ABC= L DBF, and iACB= i DFE, and BC=EF. 
Then must AB=DE, and AG^DF, and z BAC=^ z EDF. 

For if A DEF be applied to a ABC, so that E coincides 
with B, and EF fells on BC; 

then •/ EF=BC, .-. ^ wiU coincide with ; 

and •/ z DEF=- z ABC, .-. ED will fell on BA ; 

.*. D will fell on BA or BA produced. 

Again, •.' z BFE== z ACB, .-. FD willfeU on CA ; 

.-. D will fell on CA or CA produced. 

.\ D must coincide with A, the only pt. common to BA 
and CA. 
.'. DE will coincide with and .*. is equal to AB, 

and DF, AC, 

and I EDF i BAG, 

and aDEF. a ABC; 

and .•. the triangles are equal in all respects. 

Q. E. D. 

Cob. Hence,-by a process like that in Prop. A, we can prove 
the following theorem : 

If two angles of a triangle he equaly the sides which svl)t6nd 
are dbo eqttal. (EucL I. 6.) 
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Proposition C. Theorem. 

If two triangles have, the three sides of the one equal to the 
three sides of the other, each to each, the triangles must be equal 
in aU respects. ^ 




21^ 



Let the three sides of the A s ABC, DEF be equal, each 
to each, that is, AB^^BE, AC^BF, and BC=^EF. 

Then must the tria/ngles be equal in all respects. 

Ima^e the A BEF to be turned over and applied to the 
A ABG, in such a way that EF coincides with BG, and the 
vertex B faHa on the side of BC opposite to the side on which 
A falls ; and join AB, 

Case I. When AB passes through BG. 




Then in A ABB, v BB=BA, .\ L BAB^ i BBA, I. A. 
And in A^OD, •.• GB^GA, .*. jl GAB^ l GBA, I. A. 
.-. sum of z s BAB, (LlD=sum of z s BBA, GBA, Ax. 2. 
that is, lBAG^lBBG, 

Hence we see, referring to the original triangles, that 

L BAG= L EBF. 
.*., by Prop. 4, the triangles are equal in all respects. 



r 
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Cass II. When the line joining the vertices does not pass 
through BC. 




Then in t^ABD, v BD^BA, /. z BAD= i BDA, L A. 
And in aACD, \' GD^CA, .\ i CAD= l CD A, 1. A. 
Hence since the whole angles BAD, BDA are equaL 
and parts of these CADy CD A are equaL 
/. the remainders BAC, BDC are equal. Ax. 3. 
Then, as in Case L, the equality of the original triangles 
may be proved. 

Case III. When AC and CD are in the same straight 
line. 




Then in tiABD, v BD^BA, .-. i BAD^ i BDA, I. A. 

that is, iBAC-=^ lBDC 

Then, as in Case I., the equality of the original trianfir^'*' 
may be proved. 

Q. E 
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Proposition IX. Problem. 
To hisfxi a given angle. 




Let BAG be the given angle. 

It is required to bisect. L BAG, 

In AB take any pt. J). 

In ^0 make AE=AD, and join DE. 

On DEy on the side remote from A, describe an 
equilat. A JD^^. I. 1. 

Join^^. Then ^P wiU bisect a BAG. 

For in AsAFD,AFEy 

'.' AD=AE, and AF is common, and FD=^FE, 

.-. I DAF= L EAF, I. c. 

that is, z BAG is bisected by AF. 

Q. E. F. 

Ex. 1. Shew that we can prove this Proposition by means 
of Prop. IV. and Prop. A., without applying Prop. C. 

Ex. 2. If the unilateral triangle, employed in the construc- 
tion, be described with its vertex towards the given angle ; 
shew that there is one case in which the construction will £gu1, 
and two in which it will hold good. 

Note. — The line dividing an angle into two equal parts is 
Tal/ed the Bisector of the angle. 
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Proposition X. Problem. 
To bisect a given finite straight Une, 




Let AB be the given st. line. 
It is required to bisect AB. 

On AB describe an equilat. A ACB. 

Bisect I ACBhj the st. line CD meeting AB in D ; 
. then AB shall be bisected in D. 



I. 1. 
1.9. 



Form AS ACD, BCD, 
-/ AC=BC, and CD is common, and z ACD= l BCD, 

.-. AD=BD ; I. 4. 

.'. ^^ is bisected in D. 

Q. E. F. 

Ex. 1. The straight line, drawn to bisect the vertical angle 
of an isosceles triangle, also bisects the base. 

Ex. 2. The straight line, drawn from the vertex of an 
isosceles triangle to bisect the base, also bisects the vertical 
angle. 

Xx. 3; Produce a given finite straight line to a point, such 
that the part produced may be one-third of tbe lme,^\i\a\i^a» 
iMida up of iihe whole and the part produced. 
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Proposition XI. Problem. 

To draw a straight line at right angles to a gvoen straight 
line from a given point in the same. 




O 



Let AB be the given st Kne, and C a given pt. in it. 
It is required to draw from C a st line ± to AB, 

Take any pt. D in ^0, and in CB make CE= CD. 
On D^ describe an equilat. A DFE. 

Join Fa FC shall be ± to AB. 



I. 1. 



For in A 8 DCF, EOF, 

'.' DC^ CE, and CF is common, and FD^FE, 

.'. lDCF=iECF\ La 

and .-. J'C is X to AB. Def. 9. 

Q. E. p. 

Cor. To draw a straight line at right angles to a given 
straight line AG ixom one extremity, C, take any point jDin 
AG, produce ^C to Ey making CE=CD, and proceed as in 
the proposition. 

Ex. 1. Shew that in the diagram of Prop. ix. ^^and ED 
intersect each other at right angles, and that ED is bisected 
by^l?*. 

Ex. 2. If be the point in which two lines, bisecting AB 
and AC, two sides of an equilateral triangle, at right angles, 
meet ; shew that OA, OB, OG are all equal. 

Ex^, 3. Shew that Frop. XT. is a particular case of Prop. tX^ 
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Proposition XII. Problem. 



To d/raw a straight line perpendicular to a gwen straight 
line of an untimited length from a given point tdihout it. 




"Let AB be the given st. line of unlimited length ; C the 
given pt without it. *• 

It is reqmred to draw from C ast. line x to AB, 

Take any pt. D on the other side of AB, 

With centre C and distance CD describe a © cutting AB 
in E and F. 

Bisect EF in 0, and join CE, CO, CF. I. 10. 

Then CO shall be ± to AB, 

For in As COE, COF, 

V EO=FOy and CO is common, and CE=CFy 

.', ^ COE= A COF ; La 

.-. 00 is ± to AB, Def. 9. 

Q. E. F. 

Ex. 1. If the straight line were not of unlimited length, 
how might the construction fail ? 

Ex. 2. If in a triangle the perpendicular from the vertex 
on the baae bisect the base, the triangle is isosceles. 

Ex. 3. The lines drawn from the angular points of an 
•qtnkteral triangle to the middle points of iJcA o^^o^\\a ^\^ 
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Miscellatieous Exercises on Props. I. to XII. 

1. Draw a figure for Prop. ii. for tho case when the given 
point A is 

(a) below the line BG and t« the right of it. 
(jS) below the line BC and to the left of it. 

2. Divide a given angle into four equal parts. 

3. The angles B, 0, at the base of an isosceles triangle, are 
bisected by the straight lines BD, OD, meeting in D ; shew 
that BDC is an isosceles triangle. 

4. X), E, F are points taken in the sides BO, CA, AB, of 
an equilateral triangle, so that BD^CE=AF.' Shew that 
the triangle DEF is equilateral. 

5. In a given straight line find a point equidistant from 
two given points ; 1st, on the same side of it ; 2d, on opposite 
sides of it. 

6. ABC is a triangle having the angle ABC acute. In ^A, 
or BA produced, find a point D such that BD^CD. 

7. The equal sides AB, AC, of an isosceles triangle ABC 
are produced to points F and G, so that AF==AQ. BG and 
CF are joined, and H is the point of their intersection. Prove 
that BTI=CH, and also that the angle at ^ is bisected 
hjAE. 

8. BAG, BDC are isosceles triangles, standing on oppo- 
site sides of the same base BC. Prove that the straight line 
from A to D bisects BC at right angles. 

9. In how many directions may the line .4^ be drawn in 
Prop. III. ? 

10. The two sides of a triangle being produced, if the 
angles on the other side of the base be equal, shew that the 
triangle is isosceles. 

11. ABC, ABD are two triangles on the same base AB 
and on the same side of it, the vertex of each triangle being 
outside the other. If AC=AD, shew that BC cannot =J5i>. 

12. From C any point in a straight line AB, CD is drawn- 
at right angles to AB, meeting a circle described with centre 
A and distance ABinD \ and from AD, AE is cut oS=^AC: 

shew that AEB is a right angle. 
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Proposition XIII. Theorem. 

The angles which one straight line makes with another upon 
one side of it a/re either two right angles^ or together equal to two 
right angles. 

Fig. 1. Fig. 2. 



O B B C B n 

Let AB make with CD upon one side of it the i s ABC^ 

ABD. 

Then must these he either two rt, l s, 

or together equal to two rt. l s. 
. First, if z ABC= l ABD as in Fig. 1, 

each of them is a rt. z . Def. 9. 

Secondly, if z ABC be not= z ABD, as in Fig. 2, 

from B draw BE ± to CD, I. 11. 

Then sum of z s ABC, ABD^aum of z s BBC, EBA, ABD, 
and sum of z s BBC, BBD^aum of z s BBC, EBA, ABD ; 
/. sum of z s ABC, ^J5i>=sum of z s EBC, EBD ; 

Ax. 1. 
.'. sum of z s ABC, ABD^amn. of a rt. z and a rt z ; 
.*. z s ABC, ABD are together = two rt. z s. 

Q. E. D. 

Ex. Straight lines drawn connecting the opposite angular 
points of a quadrilateral figure intersect each other in 0. 
Shew that the angles at are together equal to four right 
angles. 

Note (1.) If two angles together make up a right angle, 
each is called the Compi^ement of the other. Thus, in fig. 2, 
' L ABD is the complement of z ABE. 

(2.) If two angles together make up two right anj^les, each 
IS called the Supplement of the other. Thus, in both ^^i^-a^ 
* "BiD is the supplement of z ABC, 
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Proposition XIV. Theorem. 

J/, at a point in a straight line, two other straight lines, wpon 
the opposite sides of it, make the adjacent a/ngles together equal 
to two right angles, these two straight lines must be in one and 
the same straight line. 




At the pt. B in the st. line AB let the st. lines BC, BD, 
on opposite sides of AB, make z s ABC, ABD together = two 
rt. angles. ■ 

Then BD must he in Ike sam>e st line with BG. 

For if not, let BE be in the same st. line with BG, 

Then i s ABC, ABE together=two rt. z s. I. 13. 

And L s ABG, ABD together=stwo rt. z s. Hyp. 

.*. sum of z s ABC, ABE^^mm of z s ABG, ABD. 

Q^e away from each of these equals the z ABG ; 

then z ABE=^ z ABD, Ax. 3. 

* that is, the less = the greater ; which is impossible, 

•. BE is not in the same st. line with BG, 

Similarly it may be shewn that no other line but BD is in 
the same st. line with BC. 

.*. BD is in the same st. line with BC. 

Q. B. D. 

Ex. Shew the necessity of the words fke apposite sides in 
the enunciation. 



I 
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Proposition XV. Theorem. 

If two straight lines cut one another , the vertically opposite 
angles must be equal. 




Let the st. lines AB, CD cut one another in the pt. E. 

Them, must L AEG^ l BED and l AED:= l BEC, 
For •.• AE meets Oi>, 

.*. sum of z s AEGy JMD=two rt. z s. I. 13. 

And V jD^ meets ^J5, 

/. sum of z s BED, AED=two rt. z s ; I. 13. 
/. sum of z s AEG, AED^snm of z s BED, AED ; 

.-. z AEG=^ L BED. Ax. 3. 

Similarly it may be shewn that z AED=: z BEC. 

Q. E. D. 



Corollary I. From this it is manifest, that if two straight 
fines cut one another, the four angles, which they make at the 
point of intersection, are together equal to four right angles. 

Corollary II. All the angles, made by any number of 
stnught lines meeting in one point, are together equal to four 
BH^t angles. 
Ex. 1. Shew that the bisectors of AED and BEG are in 
I the same straight line. 

Ex. 2. Prove that z AED is equal to the angle between 
tvo sianight lines drawn at right angles from E to AE and 
M(l if both lie above CD. 

*f AB, CD bisect each other in E ; shew tliiaX. MJci^ 
.ED, BBC are equal in all respects. 
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Note 3. On Euclid! s definition of an Angle, 

Euclid directs us to regard an angle as the inclination of 
two straight lines to each other, which meet, but are not in 
the same straight line. 

Thus he does not recognise the existence of a single angle 
equal in magnitude to two right angles. 

The words printed in italics are omitted as needless, in 
Def. VIII., p. 3, and that definition may be extended with 
advantage in the following terms : — 

Def. Let WQE be a fixed straight line, and QP a line 
which revolves about the fixed point Q, and which at first 
coincides with QE. 




Then, when QP has reached the position represented in 
the diagram, we say that it has described the angle EQP. 

When QP has revolved so far as to coincide with QW, 
we say that it has described an angle equal to two right 
angles. 

Hence we may obtain an easy proof of Prop. xiii. ; for what- 
ever the position of PQ may be, the angles which it makes 
with WE are together equal to two right angles. 

Again, in Prop. xv. it is evident that z AED= i BEC, 
since each has the same supplementary z AEC. 

We shall shew hereafter, p. 149, how this definition may be 
extended, so as to embrace angles greater than two right 

angles. 
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Proposition XVI. Theorem. 

If one side of a triangle he produced, the exterior angle is 
qrmler than either of the interior opposite angles, 
I 

A 




D 



Let the side BC of A ABC be produced to D. 
Them must z ACD he greater than either l CAB or i ABC 
Bisect -40 in ^, and join BE. I. 10. 

Produce BE to F, making EF=BE, aud join FC 
Then in a s BE A, EEC, 

V BE=FE, and EA =EC, and z 5^^ = z ^^(7, I. 15. 

.*. z jE'aF= z jE'^JB. I. 4. 

Now z ^OJD is greater than z ECF ; Ax. 9. 

.•. z -4 CD is greater than z J^^jB, 
that is, z J. CD is greater than z C^5. 

Similarly, if -4 C be produced to C it may be shewn that 
z BCG is greater than z -4^C. 

and iBCa^^iACD; 1.15. 

.-. z -4 CD is greater than z ^^C. 

Q. E. D. 

Ex. 1. From the same point there cannot be drawn more 
than two equal straight lines to meet a given straight line. 

Ex. 2. If, from any point, a straight line be drawn to a 
given straight line making with it an acute and an obtuse 
angle, and if, from the same point, a perpendicular be drawn to 
the given line ; the perpendicular will .fall on the side of the 
acute angla 



« 
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Proposition XVII. Theorem. 

Any two angles of a triangle are together less ikan two right ' 
angles. 




-^ 

Let ABC be any A . 

Then must any two of its is he together less than two 

tL l s. 

Produce BG to D. 

Then z ACD is greater than i ABC, I. 16. 

.*. z s ACDy ACB are together greater than z 8 ABC, ACB. 

But z bAGD, ACB together=two rt. z s. I. 13. 

.*. z sABC, ACB are together less than two rt. z s. 
Similarly it may be shewn that z s ABC, BAC and also 
that z sBAC, ACB are together less than two rt. z s. 

Q. E. D. 

Note 4. On the Sixth Postulate, 

We learn from Prop. xvii. that if two straight lines BM 
and CN, which meet in A, are met by another straight line 
DE in the points 0, P, 

D 




the angles MOP and NPO are together less than two right 
angles. 

The Sixth Postulate asserts that if a line DE meeting two 
7^Jier linen BM, CN makes MOP, NPO^ the two Interior 
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an^es on the same side of it, together less than two right 
angles, BM and CN shall meet if produced on the same side 
of DE on wMch are the angles MOJ^^^Fi 




Proposition XVIII. Theorem. 

A ff ^Kme side of oF^^ti^ngle b t ' %mb ter than a secoftdj the 
angle opposite (he first must he greaJter than thai opposite the 



' B 




In ^ABCf let side ^0 be greater than AB, 
Then must l ABC he greater than it^ 




From AC cut oflf AD=AB, and join BD. 1.3. 

Then \'AB=ADy 

.-. z ADB= L ABB, I. A. 

And '.• OjD, a side of c^BBC, is produced to A, 

/. I ABB IS greater than i ACB ; I. 16. 

.*. also I ABB is greater than z ACB. 
Much more is z ABC greater than z ACB. 

Q. E. D. 

Ex. Shew that if two angles of a triangle be equal, the 
ttdes which subtend them are equal also (EucL I. 6). 
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Proposition XIX. Theorem, i 

If one angle of a triangle be greaJter than a second^ the 
side opposite the fi/rst must be greater than ifuit opposite the 
second. 




In A ABC, let z ABC be greater than z ACB. 
Then must AC be greater (han AB, 

For \f AChe not greater than AB, 

AG must eit}ieT=AB, or be less than AB. 
Now AG cannot =J.5, for then I. A. 

z ABC would = z AGB, which is not the case. 
And AG cannot be less than AB, for then I. 18. 

z ABC would be less than z AGB, which is not the case ; 

.*. AGia greater than AB. 

Q. E. D. 

Ex. 1. In an obtuse-angled triangle, the greatest side is 
opposite the obtuse angle. 

Ex. 2. BG, the base of an isosceles triangle BAG, is pro- 
duced to Jiuy point D ; shew that AD is greater than AB, 

Ex. 3. The perpendicular is the shortest straight line, which 
can be drawn from a given point to a given straight line ; and 
of others, that which is nearer to the perpendicular is less than 
one more remote. 
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Proposition XX. Theorem. 
Any two sides of a triangle are together greater than the 
Mrdside, 




C 

Let ^50 be a A. 
Hien any two of its sides must he together greater than 
the third side. 
Produce BA to D, making AD^AG, and join DC. 

Then •/ AD^AC, 

.'. L ACD= L ADC, that is, z BDG. I. a. 

Now z BCD is greater than z ACD ; ^ 

.'. z BCD is also greater than z BDC ; 

/. BD is greater than BC, I. 19. 

-Rgt- ^i>=f u4 and ^D together ; 

that is, BD=BA and J.C? together ; 
•'. BA and AC together are greater than BC, 
Similarly it may be shewn that 

AB and BC together are greater than AC, 
andBCandC-4 AB. 

Q. E. D. 

Ex. 1. Prove that any three sides of a quadrilateral figure 
are together greater than thd fourth side. 

Ex. 2. §hew that any side of a triangle is greater than 
the difference between the other two sides. 

Ex. 3. Prove that the sum of the distances of any point 
from the angular points of a quadrilateral is greater than 
half the perimeter of the quadrilateral. 

Ex. 4. If one side of a triangle be bisected, the sum of the 
two other sides shall be more than double of the hi^e joining 
tW TVtex «nd the point of bisection. 
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Proposition XXI. Theorem. 

Jf, Jrcym the ends of the side of a triangle', there he 
drawn two straight lines to a point within the triangle; 
these wUl be together less than the other aides of the triangle, 
btU will corUa/in a greater angle. 




Let ABC be a A , and from D, a pt in the A , draw st. 
lines to B and G. 

Then vdll BD^ DC together he less than BA, AC, 
hut L BDCwill he greater than i BAC, 

Produce BD to meet ^0 in ^. 

Then BA^ AE are together greater than BE, I. 20. 

Add to each EG, 
Then BA, -40 are together greater than BE, EG, 

Again, DE, EC are together greater than DC. I. 20. 

Add to each BD. 
Then BE, EC are together greater than BD, DC. 
And it has been shewn that BA, AG aie together greater 
than BE, EC ; 

.'. BA, AG are together greater ihajikBD, DC, 
Next, •.• z BDC is greater than 'z DEC, I. 16. 

and z DEC is greater than z BAG, L 16. 

.'. z BDC is greater than z BAC. 

Q. E. D. 

Ex. 1. Upon the base AB of a triangle ABC is desoiy^ed 
a quadrilateral figure ADEB, which is entirely within the 
diangle. Shew that the sides AC, CB of the triangle are 
together greater than the sides AD, DE, E!B of tihe quadfi- 
JateraL 
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Ex. 2. Shew that the sum of the straight lines, joining 
the angles of a triangle with a point within the triangle, i& 
less than the perimeter of the triangle, and greater than half 
the perimeter. 

Proposition XXII. Problem. 
To make a triangle^ of which the sides shall he equal to 
three givefiy straight lines, any tivo of which are together greater 
than ihf. third. 




I«t Ay B, C he the three given lines, any two of which 
ue together greater than the third. 

It is required to nidke a A having its sides ^ A, By G 
respectively. 
Take a at. line DE of unlimited length. 
In DE make DF=A, FG^B, and GH^ G. I. 3. 

With centre F and distance FD, describe ®DKL. 
With centre G and distance GH, describe qHKL, 

Join FK and GK. 
Then aKFG has its sides ==^A, B, G respectively. 

For FK=FD ; Def. 13 

.-. FK=fA ; 
md GK=GH; Def. 13. 

.-. GK=G; 
and FG=B ; 
.'. a A KFG has been described as reqd. q. e. f. 
. Mx^ Biaw an isosceles triangle having each of the equal 
■ ^ottlde of the hase. 
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Proposition XXIII. Problem. 

At a given point in a given straight line, to make an 
angle equal to a gi/ven angle. 




Let J. be the given pi, BC the given line, DBF the 
given z . 

It is reqd. to make aJt pt, A an angle = z DEF, 
In ED, EF take any pts. D,F;md join DF, 
In ABy produced if necessary, make AG=^DE» 
In AC, produced if necessary, make AH^EF, 
In HO, produced if necessary, make HK^FD. 

With centre A, and distance AO, describe GLM. 
With centre -ff, and distance JBLKy describe © LKM, 
Join AL and SL, 
Then •/ LA^AG, /. LA^DB ; Ax. 1. 

and •.• HL^EKy .\ HL^FD, Ax. 1. 

Then in a s LAH, DEF, 

•/ LA^DE, and AB^EF, and BL^FB ; 

/. I LAB^ L DEF. I. a 

•*• an angle LAB has been made at pt ^ as was reqd. 
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Note. — ^We here give the proof of a theorem, necessary to 
the proof of Prop. XXIV. and applicable to several proposi- 
tions in Book IIL 



Proposition D. Theorem. 

JSwry straight limy drawn from (he vertex of a triangle to 
the base, is less than the greater of the two sides, or than either, 
if ihey he equal. 




In. the A ABC, let the side AGh^ not less than AB. 
Take any pt. D in BG, and join AB, 

Then must AD he less than AG, 

For \'AC is not less than AB ; 

.-. I ABB is not less than l AGB, I. a. and 18. 

But I ADC is greater than i ABD ; . I. 16. 

.'. z ADC is greater than z AGD ; 

,\AC\s greater than AD, I. \.^. 

C^. "El. Ti« 
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Proposition XXIV. Theorem. 

Jj two triangles have two sides of the one equal to two 
sides of the other, ea^ch to eaxih, hut the angle contained by 
the two sides of one of th-em greater than the angle cmitained by 
the two sides equal to them of the other ; the base of that which 
has the greater angle must be greater than the base of the other. 










c _^ 

In the L^ ABC, DEF, 

let AB==BE and AC^DF, 

and let z BAG be greater than i EDF, 

Then must BC be greater than EF, 

Of the two sides DE, DF let DE be not greater than DF* 
At pt. D in St. line ED make z EDG= z BAG, L 23. 

and make DG=AG or DF, and join EG, GF. 

Then \' AB^DE, and AC==DG, and z BAG= z EDG, 

.-. BC^EG, 1. 4. 

Again, '.• DG^DF, 

/. z DFG=^ z DGF ; I. a. 

.-. z EFG is greater than z DGF', 

much more then z EFG is greater than z ^G^-F ; 

.-. J57G^ is greater than EF, I. 19. 

BMt EG=BG; 

.-. J50 is greater than EF. 

Q. E. D. 

*This line was added by Simfion to obviate a defect in Enclid*s 
proof. Without this condition^ three distinct cases must be discussed. 
With the condition, we can prove that F must lie below EG. 

For since DF is not less than DE, and DG is drawn equal to DF, 
DO ia not less than DE. 

Hence by Prop. D, any line drawn from D to meet EG is 
less l^han DG, and therefore DF, being equal to DO, must extend 
beyond EG. 

For another method of proving the Proposition, see p. 118, 
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Proposition XXV. Theorem. 

If two triangles have two sides of the one equal to two sides 
of the other, each to each, hut the hose of the one greater than 
ike haae of the other ; the angle also, contained by the sides of 
that which has the greater base, must be greater than the angle 
contained by the sid^ equal to them of the other. 





jff 



In the AS ABC, DEF, 

let AB=DE and AC=DF, 

and let BC be greater than EF. 

Then must l BAG be greater than i EDF. 

For / BAG is greater than, equal to, or less than z EDF. 

Now z BAG cannot= z EDF, 

for then, by i. 4, BG would =J^i'^ ; which is not the case. 
And z BAG cannot be less than z EDF, 
for then, by i. 24, BC would be less than EF ; which is 
not the case ; 

.-. 'z BAG must be greater than z EDF. 

Q. E. D. 

Note. — ^In Prop. xxvi. Euclid includes two cases, in which 
two triangles are equal in all respects ; viz., when the following 
parts are equal in the two triangles : 

1. Two angles and the side between them. 

2. Two angles and the side opposite one of them. 

Of these we have already proved the first case, in Prop, b, 
80 that we have only the second case left, to form the subject 
of Prop. XXVI., which we shall prove by the method of 
Biq^eiposition* 

JlevBadid'sproof of Prop, xxvi., see pp. 114-\\^. 

r 
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Proposition XXVI. Theorem. 

If two tricmgles have two angles of the one equal to two angles 
of the other, ea/ih to each, and one side equal to one side, l^iose 
sides being opposite to equal angles in each; then must the 
triangles he equal in all respects. 





JBO O 



In A s ABC, DBF, 
let I ABG= I DBF, and i ACB= l DFE, and AB^DK 

Then must BG=EF, and AC^DF, and l BAC^ l EBF, 
Suppose A DBF to be applied to A ABC, .^ ^' 

80 that D coincides with A, and DE falls qi9-^^. 

Then •.• BE=AB, .-. ^ will coincide with B ; 
and •.• z BEF= L ABC, .'. EF wiU fall on BC. 

Then iaust F coincide with C : for, if not, 
let F fall between, B and C, at the pt. JET. Join AH. 
Then '.• z AHB= l BFE, L 4. 

.-. lAHB= lACB, 

the extr. z = the intr. and opposite z , which is impossible. 

.'. F does not fall between B and 0. 

Similarly, it may be shewn that F does not fall on BC 
produced. 

.-. F coincides'with C, and .•. BC^EF ; 
.'. AC^BF, and z BAC= z EBF, L 4. 

and .'. the triangles are equal in all respects. 
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MisceUcmeous Exercises on Props. L to XXVI, 

1. Af is the middle point of the base BG of an isosceles 
triangle ABC, and j^ is a point in J.O. Shew that the 
difference between MB and MN is less than that between 
AB and AN. 

2. ABC is a triangle, and the angle at A is bisected by a 
straight line which meets BG at D ; shew that BA is greater 
than BD, and GA greater than GD, 

3. ABf AG are straight lines meeting in A, and D is 
a given point. Draw through D a straight line cutting off 
equal parts from AB, AG, 

4. Draw a straight line through a given point, to make 
equal angles with two given straight lines which meet 

5. A given angle BAGia bisected ; if GA be produced to 
G and the angle BAG- bisected, the two bisecting lines are at 
right angles. 

6. Two straight lines are drawn to the base of a triangle 
from the vertex, one bisecting the vertical angle, and the other 
bisecting the base. Prove that the latter is the greater of the 
two lines. 

7. Shew that Prop, xvil may be proved without pro- 
ducing a side of the triangle. 

8. Shew that Prop. xnn. may be proved by means of the 
following construction : cut off AD^AB, draw AEy bisecting 
I BAG and meeting BG in Ey and join DE, 

9. Shew that Prop. xx. can be proved, without producing 
one of the sides of the triangle, by bisecting one of the angles. 

10. 6iven two angles of a triangle and the side adjacent 
to them, construct the triangle. 

11. Shew that the perpendiculars, let fall on two sides 
of ft triangle from any point in the straight line bisecting the 
o^g^ eontained by the two sides, are equal. 
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We conclude Section I. with the proof (omitted by Euclid) 
of another case in which two triangles are equal in all 
respects. 

Proposition E. Thboreil 

If two triangles have one angle of the one eqwd to one 
angle of the other, and the sides about a second angle in 
each equal: then, if the thi/rd angles m eooJi he both acute, 
both obtuse, or if one of them he a right angle, the triangles 
are equal in all respects. 





In the AS ABC, DEF, let iBAC= lEDF, AB=^DE, 
BC-=EF, and let z s ACB, DFE be both acute, both obtuse, 
or let one of them be a right angle. 

Hien must A s ABC, DEF he equal in all respects. 

For if AC be not =DF, make AG=DF ; and join BG. 

Then in A s BAG, EDF, 

•.• BA^ED, and AG=-BF, and z BAG= i EDF, 

.-. BG^EF and z AGB== z DFE, L 4. 

But BC=-EF, and /. BG^BC ; 

/. z 50a= z BGG, 1. A. 

FuBt, let z ^OB and z DFE be both acute, 

then z A GB is acute, and /. .z BGC is obtuse ; I. 13. 
.'. z BCG is obtuse, which is contrary to the hypothesis. 
Next, let I ACB and z DFE be both obtuse, 

then z AGB is obtuse, and .*. z BGC is acute ; LIS. 
y, I BCG is acute, which is xs^trary to the hypotheriuk .■_ , 
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Lastly, let one of the third angles ACBy DFE be a right 
angle. 

If z ACB be a rt. z , 

then I BOC is also a rt. z ; I. i^. 

/. z B BCG, BQO together»»two rt z s, which is im- 
possible. 1. 17. 
Again, if z DFE be a rt. z , 

then z AGB is a rt z , and .*. z BGG is a rt z . I. 13. 
Hence z BGG is also a rt z . 

.*. z 8 BGGy BGG together=*two rt z s; which is impossible. 

L17. 

Hence AC is eqnal to DFy 

and the A B ABG^ DBF are eqnal in all respects. 

Q. £. D. 

Cob. From the first case of this proposition we deduce 
the following important theorem : 

L 

If two right^ngled triangles ha/oe the hypot&/i,U8e and 
one tide of the one equal respeetwely to the hypotenuse and 
one side of the other , the triangles are equal in all respects. 

Note. In the enunciation of Prop, b, if, instead of the 
wordB if one of them be a right angle^ we put the words botJ* 
right a/ngleSf Uds case of the proposition would be identical 
withLSe. 



^. 
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SECTION II. 
The Theory of Parallel Lines. 

INTRODUCTION. 

Wb have detached the Propositions, in which Euclid treats 
of Parallel Lines, from those which precede and follow them in 
the First Book, in order that the student may have a clearer 
notion of the difficulties attending this division of the subject, 
and of the way in which Euclid proposes to meet them. 

We must first explain some technical terma used in this 
Section. 

If a straight line B^ cut two other straight lines AB^ CD, 
it makes with those lines eight angles, to which particular 
names are given. 




'I. 



The angles numbered 1, 4, 6, 7 are called Interior anglet 

2,3,5,8 Exterior 

The angles marked 1 and 7 are called alternate angles. 

The angles marked 4 and 6 are also called alternate angles. 

The pairs of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 
called corresponding angles. 

Note. From I. 13 it is clear that the angles 1, 4, 6, 7 
^gether equal to four right angles. 



r 
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Proposition XXVII. Thjeorem. 

If a straight line, falling upon two other straight lines, make 
the alternate angles equal to one another; these two straight 
lines must be pa/raUel, 




Let the st line EF, falling on the st. lines AB, PD, 
make the alternate z s AGH, GHD equal. 

Then mmt AB be \\ to CD, 

LFor if not, AB and CD will meet, if produced, either towards 
\Dy or towards A, C, 

it them be produced and meet towards B, D'mK» 
len OHK is a A ; 

and .'. I AGH is greater than z GHD, I. 16. 

I AGH^ L GEDy Hyp. 

is impossible. 

A By CD do not meet when produced towards By D. 
like manner it may be shewn that they do not meet 



pi-'oduced towards A, C. 

.*. AB and CD are parallel. 



Def. 26. 



Q. E. D. 
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''iEOPosiTioN XXVIIL Thboekm. 

If a straight line, falling upon two other straight lines, make 
the exterior angle equal to the interior and opposite upon the 
same side of the line, or make the irUerior angles upon the same 
side together equal to two right angles; the two straight lines 
are parallel to one another. 




Let the st. line EF, Ming on st. lines AB, CD, make 
I. I ^G^jB= corresponding z GHD, or 
II. z s BGH, QHD together=:two rt. z s. 
7^n, in either case, AB must he II to CD, 

I. •/ I ECB is given= z QHD^ Hyp. 

and z EQB is known to be=: z AGE, L 15. 
* .'. lAGH=^lQHD', 

and these are alternate z s ; 

.-. AB is II to CD, I. 27. 

II. •.• z s BGH, GHD together=two rt. z s, Hyp. 

and z s BGH, AGH together=two rt. z s, L 13, 
/. z s BGH, AGH together = z s BGH, GHD together ; 

.-. z AGH^ L GHD ', 

\ ■ r.ABia jj to CD. I, 27. 

^ Q. E. D. 
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A 

Note 5. On the Sixth Fostulate. 

In the place of Euclid's Sixth Postulate many modem 
writers on Geometry propose, as more evident to the senses, 
the following Postulate : — 

" Two straight lines which cut one another cannot both be 
parallel to the samfie straight lineJ^ 

If this be assumed, we can prove Post. 6, as a Theorem, 
thus: 

Let the line EF falliDg on the lines AB, CD make the z s 
BGHy GHD together less than two rt. i s. Then must AB, 
CD meet when produced towards B, D, 




For if not, suppose AB and CD to be parallel. 
Then '.• z s AGH, BGH together=two rt. z s, I 13. 

and z s GHD, BGH are together less than two rt. z s, 
.'. z AGH is greater than z GHD. 
Make z MGH= z GHD, and produce MG to N. 
Then '.'•the alternate z s MGH, GHD are equal, 

.-. MN is II to CD. I. 27. 

Thus two lines MN, AB which cut one another are both 
eurallel to CD, which is impossible. 

.'. AB and CD are not parallel 
It is also dear that they meet towards B, D, because GB 
38 between GN and HD, 

Q. £. D. 
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Proposition XXIX. Theorem. 

If a straight liiu fall upon two parallel straight lines, it 
makes the two interior angles upon the sa/tne side together equal 
to two right angles, and also the alternate a/ngles equal to one 
anothery and also the exterior angle equal to the interior and 
opposite upon the same side. 




Let the st. line B^ fall on the parallel st lines AB, CD, 
Then must 

I. z s BGRy GHD togethere=two rt. z s. 
11. z ^Gfif=altemate z GJffD. 
III. z ^6r5=corresponding z GBD, 

Lis BGH, GHD cannot be together less than two rt. z s, 
for then AB and CD would meet if produced* toWards 
B and D, Post 6. 

which cannot be, for they are parallel 
Nor can z s BGH, GHD be together greater than two 
rt. z s, 
for then z s AGH, GHC would be together lees than 
two rt. z 8, L 13. 

and ABf CD would meet if produced towards A and C 

Post 6 
which cannot be, for they are parallel, 
.*. z s BGH, GHD together = two rt. z s. 

II. •.• z s BGH, GHD together = two rt z s, 

and z s BGH, AGH together=two rt z s, I. 13. 
.-. z s BGH, AGH together^ z s BGH, GHD together, 
and .-. z AGH= z GHD, Ax. 3. 

III. •.• z AGH= z GHD, 

and z AGH= z EGB, 1. 16u 

.\iEGB^lGHD. AX.L 
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EX£BCISE& 

1. If through a point, equidistant from two parallel 
straight lines, two straight lines be drawn cutting the parallel 
straight lines; they will intercept equal portions of the 
parallel lines. 

2. If a straight line be drawn, bisecting one of the angles 
of a triangle, to meet the opposite side ; the straight lines 
drawn from the point of section, parallel to the other sides 
and terminated by those sides, will be equal 

3. If any straight line joining two parallel straight lines 
be bisected, any other straight line, drawn through the point of 
bisection to meet the two lines, will be bisected in that point. 

Note. One Theorem (A) is said to be the coTvc&rse of another 
Theorem (B), when the hypothesis in (A) is the conclusion in 
(B)^ and the conclusion in (A) is the hypothesis in (£). 

For example, the Theorem I. a. may be stated thus : 
HypoiheaU, If two sides of a triangle be equal 

(kmcluaiioik. The angles opposite those sides must also be 
eqnaL 

The converse of this is the Theorem I. b. Cor. : 

Hypothuis. li two angles of a triangle be equal 
Oonetimon. The sides opposite those angles must also be 

The fJoUowiDg are other instances : 

PoBtolate TL is the converse of I. 17. 
L 29 is the converse of L 27 and 28. 
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Proposition XXX. Theorem. 

» 

Straight lines which are pa/ralld to ih^ same straight 
line a/re pa/raMel to one another. 




Let the st. lines AB, CD be each II to EF. 

Then mvst AB he \\ to CD. 

Draw the st. line GH, catting AB, CD, EF in the pts. 



Then '.• GH cuts the || lines AB, EF, 

/, z ^OP=altemate i FQF. 

And •.• GH cuts the || Unes CD, EF, 

.'. extr. I 0P2>=intr. i FQF ; 
.-. I AOF^ L OFD ; 

and these are alternate angles ; 
/. ^5 is II to CD. 



1.29. 



1.29. 



L27. 

Q. E. D. 



The following Theorems are important. They admit of 
easy proo^ and are therefore left as Exercises for the 
student. 

1. If two straight lines be parallel to two other straight 
lines, each to each, the first pair make the same angles w^^h 
one another as the second. 

2. If two straight lines be perpendicular to two otl jr 
straight lines, each to each, the first pair make the same angles 
with one another as the second. 
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Proposition XXXI. Problem. 

To draw a straight line through a given point paraUd 
to a given stradght line. 



fen 



f/i!ii£"' w. . wjfi 



Let ^ be the given pt. and BG the given at. line. . 
It is required to draw through A ast. line \\ to BC, 

In BC take any pt D, and join AD. 

Make z DAE=^ l ADC* I. 23. 

Produce EA to F. Then EF shall be ;i to BC* 

For '.* AD, meeting EF and BC, makes the alternate 
angles equal, that is^ z EAD= l ADC, 

.'. ^^ is II to BC. I. 27. 

.*. a St. line has been drawn through ^ || to BC . 

Q. E. F. ^^ 

Ex 1. From a given point draw a straight line, to maker 
an angle with a given straight line that shall be equal to 
a given angle. 

Ex. 2. Through a given point A draw a straight line 
ABCy meeting two parallel straight lines in B and (7, so that 
BC may be equal to a given straight line. 
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Cob. 2. Tht exterior angles of any convex rectUinea^ figure, 
made by 'producing each of iU sides in succession^ a/re togeiher 
equal tofowr right angles. 

Every interior angle, as ABGy and its adjacent exterior 
angle, as ABB^ toget^ are = two rt. z s. 




.'. all the intr. i s together with all the extr. i s 
= twice as many rt. z s as the figure has sides. 

But all the intr. l s together with four rt. z s 
« twice as many rt. z s as the figure has sides. 

,\ all the intr. l s together with all the extr. i s 
=all the intr. i s together with four rt. i s. 

.*. all the extr. l s=four rt. i s. 
Note. The latter of these corollaries refers only to corvoex 
figures, that is, figures in which every interior angle is less 
than two right angles. When a figure contains an angle greater 




than two right angles, as the angle marked by the dotted line 
in the diagram, this is called a reflex angle. See p. 149. 

Ex. 1. The exterior angles of a quadrilateral made by pro- 
*^ dicing the sides successively are together equal to the interior 
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Ex. 3« If the side BG of the triangle ABC be produced to 
J), and AE be drawn bisecting the angle BAG and meeting 
BG in ^ ; shew that the angles ABB, AGD are together 
doable of the angle AEB. 

Ex% 4. If the straight lines bisecting the angles at the base 
of an isosceles triangle be produced to meet ; shew that they 
will contain an angle equal to an exterior angle at the base of 
the triangle. 

Ex. 5. If the straight line bisecting the external angle of a 
triangle be parallel to the base ; prove that the triangle is 
isosceles. 

The following Corollaries to Prop. 32 were iirst given in 
Simson's Edition of Euclid. 

Cor. 1. The sv/m of the interior angles of any rectilinear 
figwre together withfOwr right angles is equal to twice as many 
right angles as thefifwre has sides. 




Let ABGDE be any rectilinear figure. 

Take any pt. F within the figure, and from F draw the 

St lines FA, FB, FG, FD, FE to the angular pts. of the figure 

Then there are formed as many zs as the figure has 
sides. 

The three z s in each of these A s together = two rt. z s. 

,'.aU the z s in these as together = twice as many right 
z 8 as there are A s, that is, twice as many right z s as the 
figure has sides. 

Now angles of all the as= z s at A, B, G, D, E and l s 
at J*, 

that isy s z s of the figure and z s at jP, 
and .*• = z s of the figure and four rt. z s. I. 15. Cor. 2. 

.*. Z 8 of the figure and four rt. z s»= twice as many rt. z s 
as the %aze has sides. 
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SECTION m. 



On the EquaHty of Rectilinear Figures in respect of Area, 



Thx amount of space enclosed by a Figure is called the 
Aiea of that figure. 

Eadid calls two figures equal when they enclose the same 
imonnt of space. They may be dissimilar in shape, but if the 
anas contained within the bonndaries of the figures be the 
nme, then he calls the figures equxd. He regards a triangle, 
for example, as a figore haying sides and angles and area, and 
be proves in this section that two triangles may have equality 
of area, though the sides and angles of each may be unequal 

Coincidence of their boundaries is a test of the equality of 
>U geometrical magnitudes, as we explained in Note 1, 
page 14. 

In the case of lines and angles it is the only test : in the 
case of fi^wu it is a te«t, }mi not {he only test ; as we shall 
shew in this Section. 

The sign bs, standing between the symbols denoting two 
fpm, must be read is equal in area to. 

Before we proceed to prove the Propositions included in 
tbis Section, we must complete the list of Definitions required 
in Book L, continuing the numbers prefixed to the definitions 
iopage 6. 



58 



EUCLID*S ELEMENTS. 



[Book I. 



Definitions. 

XXYIL A Parallelogram is a 
four-sided figure whose opposite 
sides are parallel 





For brevity we often designate a parallelogram by two 
letters only, which mark opposite angles. Thus we call the 
figure in the margin the parallelogram AG. 



XXYIII. A Bectangle is a par- 
allelogram, having one of its angles 
a right angle. 




Hence by I. 29, all the angles of a rectangle are right 
angles. 



XXIX. A Bhombus is a par- 
allelogram, having its sides equal 



XXX. A Square is a paral- 
lelogram, having its sides equal 
and one of its angles a right 
angle. 

Hence, by I. 29, all the angles of a square are right 
angles. 



XXXI. A Trapezium is a 
four-sided figiire of which two 
sides only are parallel 



XXX XL A Ddlgonal of a four^ided figure is the straight 
ie joining two of the opposite angular points. 
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XXXIIL The Altitude of a Parallelogram is the perpen- 
dicular distance of one of its sides from the side opposite, 
regarded as the Base. 

The altitude of a triangle is the perpendicular distance of 
one of its angular points &om the side opposite, regarded as 
the base. 

Thus if ABCD be a parallelogram, and AE a perpendicular 
let iail from A to CD^ AE is the altitude of the parallelogram, 
and also of the triangle ACD, 

A B 




K a perpendicular be let fell from B to DC produced, meet- 
ing BG in JF", BF is the altitude of the parallelogram. 

Exercises. 

Prove the following theorems : 

1. The diagonals of a square make with each of the sides 
an angle equal to half a right angle. 

% If two straight lines bisect each* other, the lines joining 
their extremities will form a parallelogram. 

3. Straight lines bisecting two adjacent angles of a paral- 
lelogram intersect at right angles. 

4. If the straight lines joining two opposite angular points 
of a parallelogram bisect the angles, the parallelogram has all 

' its sides equal. 

5. If the opposite angles of a quadrilateral be equal, the 
quadrilateral is a parallelogram. 

6. If two opposite sides of a quadrilateral figure be equal to 
one another, and the two remaining sides be also equal to one 
another, the figure is a parallelogram. 

7. If one angle of a rhombus be equal to two-thirds of two 
right angles, the diagonal drawn from that angular point 
divides the rhombus into two equilateral triangles. 
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Proposition XXXTV. Theorem. 

Tht opposite sides and angles of a parallelogram are equal to 
one another, and the diagovud Insects it. 




a JD 

Let ABDC be a O, and BC a diagonal of the O. 
Then must AB=^DCmdAC=DB, 
and L BAC= L CBB, and z ABB=^ i ACJ} 
amd A ABC^ A DCB. 

For •.• AB k || to CD, and BC meets them, 

.'. z ^B0=; alternate z Z>0J5 ; I. 29. 

and *.• AC is || to BD, and J?C meets them, 

.-. z J.CB=altemate z DBC. I. 29. 

Then in a s ABC, DCB, 

•/ z ^5(7= z DCB, and ^ ^CB= z DBC, 

and £0 is common, a side adjacent to the equal z s in each ; 
.-. AB=:-DC, and AC^DB, and z BAC== z ODB, 

and A ABC^ A JDC5. I. a 

Also •.• z J[50= z DCB, and z jDBC= z ACB, 

/. z s ^50, DBC together^ z s jD05, ACB together, 
that is, z ABD= z ^CD. 

Q. E. D. 

Ex. 1. Shew, that the diagonals of a parallelogram bisect 
each other. 

Ex. 2. Shew that the diagonals of a rectangle are equal. 
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Proposition XXXV. Theorem. 

FaraUdogra/ms on the same hose and between the same 
fo/rdUds are equal. 




B a 

Let the Os ABCB, EBCF be on the same base BC 
and between the samb ||s AFy BC. 

Then must CJ ABCD^E^ EBtJF. 
Case I. If ADy EF have no point common to both, 
Then in the as FDG, EAB, 

V extr. z ZDO«=intr. z EAB, 
and intr. i DFC=- extr. l AEB^ 
and DC=AB, 
/. LFDC'^aEAB. 

Now O ABCD with a J'i)0=figure ABCF ; 
and O ^^CF with a ^^jB=figiire ABCF ; 
.\ CJ ABCD with a FDC^^CJ EBCF with a EAB ; 
/. O ABCB^EJ EBCF. 



1.29. 
1.29. 
1.34. 
I. 26. 



CAflB II. If the sides AJD^ EF overlap one another, 

4 2L 




w MZD^ method of proof applies. 
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Case III. If the sides opposite to BC be terminated in 
the same point By 

It T 




the same method of proof is applicable, 
but it is easier to reason thus : 
Each of the Os is double of A BDC ; I. 34. 

.-. O ABCD=CJ BBCF. 

Q. E. D. 

Proposition XXXVL Theorem. 

Parcdlelograms on equal bases, and between the same 
paralleUy a/re equal to one am^ther. 




BO F a- 

Let the Os ABCD, EFGR be on equal bases BC, FG, 
and between the same ||s AH, BG. 

. Then must O ABCD^CJ EFGH. 
Join BE, CH. 
Then •/ BC=FG, Hyp. 

and EH^FG ; I. 34. 

,\BC^EH; 
and BC is || to E£t, Hyp. 

.-. EB is II to CH ; I. 33. 

*•. EBCH is a parallelogram. 
Now O EBCH^ OJABCBy I. 35. 

•.* they are on the same base BG and between the same ||s ; 

and O EBCH^CJEFGH, I. 35. 

•.• they are on the same base EH and between the same || s ; 

.-. O ABCB^O EFGH. 

Q. E. D. 
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Proposition XXXVIL Theorem. 

Triam/ghi v^pon the same base, and between the same 
parallels, a/re equal to one anotJier, 




Let A 8 ABC, DBC be on the same base BC and between 
the same ||s AD, BC, 

Then must A ABC= A DBC. 

Prom B draw BE [ to OJL to meet DA produced in E, 
From C draw CF \\ to BD to meet AD produced in F, 

Then EBCA and FCBD are parallelograms, 

and O EBCA =0 FCBD, L 35. 

'.* they are on the same base and between the same ||s. 

Now A ABC is half of O EBCA, I. 34- 

and A DBC lahaMoiCJ FCBD', I. 34. 

.-. aABC=- a DBC. Ax. 7. 

Q. E. D. 

Ex. 1. If P be a point in a side AB of a parallelogram 
ABCD, and PC, TD be joined, the triangles PAD, PBC are 
together equal to the triangle PDC. 

Ex. % 11 A, B be poitits in one, and C, D points In 
another of two parallel straight lines, and the lines AD, BC 
intersect in E, then the triangles AEC, BED are equal. 
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Proposition XXXYIII. Theorem. 

TfianglM upon equal bates, cmd between the same pardUeh, 
ore equal to one a/nother. 




Let AS ABG, BEF be on equal bases, BC, EF, and 
between the same ||s BFy AD, 

Thm must A ABG^ A DEF, 

From B diaw BG || to CA to meet DA produced in G. 

From F draw FH Q to ED to meet AD produced in H, 

Then CG and j^JJ are parallelograms, and they are equal, 

*.* they are on equal bases BG^ EF, and between the same 
Ms BF^ GEl. L 36. 

Now lABG is half of O CGy 

and lDEF iBhaM of ni EH ; 

.-. lABC^ a DEF. Ax. 7. 

Q. £. D. 

Ex 1. Shew that a straight line, drawn from the vertex 
of a triangle to bisect the base, divides the triangle into two 
equal parts. 

Ex.2. In the equal sides AB, ^0 of an isosceles triangle 
ABC points D,Eajce taken such that BD^ AS. Shew that 
the ttiangles C6D, ABE are equal 
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Proposition XXXTX. Theorem. 

£gfttaZ tfiaiigUs wpon ike same base^ <md upon the tarns side 
ojit^aat between the same pa/rallels. 




Let the equal a s ABC, DBO be on the same base BC, and 
on the same side of it. 

Join AD. 

Then must AD be || to BO. 

For if not, through A draw J^O || to BC, so as to meet BD, 
or BD produced, in 0, and join OC. 

Then *.* a b ABC, OBO are on the same base and between 
the same ||s, 

:. lABG=^ lOBC. 1.37 

But A ABG^ A DBG ; Hyp. 

.-. LOBC=^t.DBGy 
\ the less B the greater, which is impossible ; 

/. AG is not II to BG. 
i In the same way it may be shewn that no other line passing 
tittough.4 but ^D is II to 50; 

.-. J:/) is II to BG. 

Q. E. D. 

Ex. 1. AD is fiarallel to BG ; AG, BD meet in ^ ; 50 is 
produced to P so that the triangle FEB is eqtial to the 
toiangle ABO : shew that FD is parallel to AG. 

Ex. 2. If of the foUr triangles into which the diagonals 
dlTide a quadrilateral, two opposite ones are equal, the quad- 
'ilftterai has two opposite sides parallel 
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Proposition XLII. Problem. 

To describe a parallelogram that shaU be equal to a given 
triangle, and ha/ve one of its angles equal to a given angle. 




Let ABC be the given A , and D the given z . 
It is required to describe a EJ equal to A ABC, having one 
of its is^ iB. 

Bisect ^0 in J? and join AE. I. 10. 

At E make i CEF^ i D. I. 23. 

Draw AFG \\ to BG, and from C draw CG \\ to EF. 
Then FECG is a parallelogram. 

Now aAEB=aAEG, 
*.' they are on equal bases and between the same ||s. I. 38. 

.-. A ABC is double of aAEC. 
But O FECG is double of A AEC, 

V they are on same base and between same lis. I. 41. 

.-. O FECG== A ABC ; Ax. 6. 

and O FECG has one of its /l s, CEF^ l D. 
.*. O FECG has been described as was reqd. 

Q. K F. 

Ex. li Describe a triangle, which shall be equal to a given 
parallelogram, and have one of its angles equal to a given 
rectilineal angle. 

Ex. 2. Construct a parallelogiam, equal to a given triangle, 
and such that the sum of its sides shall l^e equal to the sum 
of tke sides of the triangle. 

Ex. 3. The perimeter of ^n isosceles triangle is greater than 
the perimeter of a rectangle, which is of the same altitude 
with, and equal to, t^^ven triangle. 
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Proposition XLIIL Theorem. 

Tht complements of the paraUelogra/ins, which are about 
the diamder of any paraMehgramy are equal to one another. 




Let ABCD be a O, of whicli BD is a diagonal, and 
EG, HK the Os about BD, that is, through which BB 
passes, 

and ^AFy FC the other Os, which make up the whole 
figure ABCD, 

and which are .•. called the Complements. 

Then must complement AF= complement FG, 

For •.• BD is a diagonal oi EJ AC, 

.-. A ABD^ A CDB ; L 34. 

and •.* BF is a diagonal ol EJ SK, 

.-. A EBF= t^KFB ; L 34. 

and *.• FD is a diagonal of O EG, 

.-. A EFD= A GDF. L 34. 

Hence sum of a s HBF, EFD=s\im of A s KFB, GDF, 

Take these equals from A s ABD, CDB respectively, 

then remaining EJ -41'^= remaining EJ FC, Ax. 3. 

Q. E. D. 

Ex. 1. If through a point 0, within a parallelogram 
ABCD, two straight lines are drawn parallel to the sides, 
and the parallelograms OB, CD are equal ; the point is 
in the diagonal AC, 

Ex. 2. ABCD is a parallelogram, AMN a straight line 
meeting the sides BC, CD (one of them being produced) in 
tf) N, Shew that the triangle MBN is equal to t\i^ \>mxi^<^ 
UDC. 
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Proposition XLIV. Problem. 

To a given straight line to apply a parallelogram, which 
shall he equal to a given triangle, and have one of its angles 
equal to a given amgle. 




Let AB be the given st. line, G the given A, jD the 
given L . 

It is required to apply to AB a O = A (7 and having one 
of its is^ lD, 

Make ^EJ» b.C, and having one of its angles « i D, I. 42. 

and suppose it to be removed to such a position that one of 
the sides containing this angle is in the same st line with AB, 
and let the O be denoted by BEFG, 

Produce FG to H, draw AH fl to BG or EF, and join BH. 

Then •.' FH meets the ||s AH, EF, 

.-. sum of z s AHF, HFE^two rt z s ; L 29. 

.'. sum of z s BHG, HFE ia less than two rt z s ; 

.•. HB, FE will meet if produced towards B, E. Post. 6. 

Let them meet in K, 

Through K draw KL II to EA or FH, 

and produce HA, GB to meet KL in the pts. L, M, 

Then HFKL is a O, and HK is its diagonal ; 

and AG, ME are Os about HK, 

.*, complement jBZ— complement BF, I. 43. 

.'. OJBL^aC. 

Also the O ££ has one of ite z s, ABM^ z EBG, and 
.*. equal to z i>. 

Q. E. F. 
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Proposition XLV. Problem. 

To describe a parallelogra/my which sh^ll be equal to a 
given rectilinear figwrCy arid have one of its angles equal to a 
given angle. 




K. h: ma jb 

Let ABCB be the given rectil. figure, and E the given L . 

It is required to describe a O = to ABCD, hoAJing one 

of its is^ lE. 

Join AO, 

Describe a O FQHK=- a ABC, having i FKH^ l E. 

L42. 

To GH apply a O OHML^ a CDA, having i GHM= l E. 

L 44. 
Then FKML is the O reqd. 

For •.• z QHM and z i^Xfl^ are each=: i E ; 

.-. iGHM^iFKH, 
/. sum of z s Gf^M, GHK=^mm of z s i^ZB, 6?5^Z 

=two rt. z s ; L 29. 

.*. KHM is a st. line. L 14. 

Again, •.• HG meets the ||s FG, KM, 

iFGH='iGHM, 
.-. sum of z 8 FGH, iGJ3"=sum of z s GSM, LGH 

=two rt. z s ; I. 29. 

/. FGL is a st. line. L 14. 

Then •.• ZIF is || to HG, and HG is II to LM 

/. Z:F is II to LM ; L SO. 

and KM has been shewn to be || to FL, 

.*. FKML is a parallelogram, 
and •.• FB:== a ABC, and GM^ A CD^, 

.-. £7 J^ilf-^ whole rectil. fig. ABCD, 
and O J^M has one of its z s, FKM=- z J^. 
In the same way a ZZ7 may be constructed equal to a given 
rectil. fig. of any number of sides, and having one of its angles 
equal to a given angle. q. k. ^ 
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1. Ir one diagonal of a quadrilateral bisect the other, it 
divides the quadrilateral into two equal triangles. 

2. If from any point in the diagonal, or the diagonal pro- 
duced, of a parallelogram, straight lines be drawn to the 
opposite angles, they will cut off equal triangles. 

3. In a trapenum the straight line, joining the middle 
points of the parallel sides, bisects the trapezium. 

4. The diagonals AC, BD of a parallelogram intersect in 
0, and P is a point within the triangle AOB ; prove that the 
difference of the triangles CPD, APD is equal to the sum of 
the triangles APC, BPD. 

5. If either diagonal of a parallelogram be equal to a 
side of the figure, the other diagonal shall be greater than 
any side of the figure. 

6. If through the angles of a parallelogram four straight 
lines be drawn parallel to its diagonals, another parallelogram 
will be formed, the area of which will be double that of the 
original parallelogranL 

7. If two triangles have two sides respectively equal and 
the included angles supplemental, the triangles are equaL 

8. Bisect a given triangle by a straight line drawn from 
a given point in one of the sides. 

9. The base AB of a triangle ABC is produced to a point 
D such that BD is equal to AB, and straight lines are drawn 
from A and D to E, the middle point of BC ; prove that the 
^jiangle ADE is equal to the triangle ABC. 

10. Prove that a pair of the diagonals of the parallelograms, 
«hich are about the diameter of any parallelogram, are parallel 

ach other. 
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n 



Proposition XLVI. Problem. 
To describe a square upon a given straight line, 




m 



Let AB be the given st. lifl^/ 
It is required to describe a square on A A 



From A draw AC ± to AB. 


L 11. Cor. 


IJlACmn^ieAD=AB. 




Through D draw DE II to AB. 


1.31. 


Through B draw BE || to AD. 


1.31. 


Then AE is a parallelogram, 




and.-. AB=ED, and AD=BE. 


1.34. 


BaiAB=AD; 




.'. AB, BE, ED, DA are all equal ; 




/. AE is equilateral 




And I BAD IB a. right angle. 




.*. AFJ issk square, 


Def. XXX. 


and it is described on AB. 





Q. E. F. 



Ex. 1. Shew how to construct a rectangle whose sides are 
eqnal to two given straight lines. 

Ex. 2. Shew that the squares on equal straight lines are 



Ex. 3. Shew that equal squares must be on equal straight 
lines. 

Note. The theorems in Ex. 2 and 3 are aasam^ \s^ ^\\s3i^" 
in the proof oi Prop. XLvm. 
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Proposition XLVIII. Theorem. 

If the square described upon one of (he sides of a triangle he 
equal to (he squares described upon (he o(her two sides of it, (he 
angle contained by (hose sides is a right angle. 




a 

Let the sq. on BC, a side of A ABC, be equal to tlie sum of 
the sqq. on AB, AC. 

then must i BAC be a rt, angle. 
From pt. A draw ABi. to AC, 1, 11. 

Make Ap=AB, and join DC. 
Then vAD^AB, 

/, sq. on J[D=sq. on AB ; I. 46, Ex. 2. 
add to each sq. on AC. 
then sum of sqq. on AD, AC ^sum of sqq. on AB, AC. 
But *.* z DAC is a rt. angle, 

.•. sq. on jDC=sum of sqq. on AD, AC; I. 47. 
and, by hypothesis, 

sq. on BC =8um of sqq. on AB, AC ; 
.*. sq. on i)(7=sq. on BC; 

.-. DO=BC, I. 46, Ex. 3. 

Then in A s ABC, ADC, 

\' AB=AD, and AC is common, and BC=DC, 

.'. iBAC^iDAC; La 

and z J) AC is a rt. angle, by construction ; 

.*. z BAC is a rt. angle. 

Q. E. D. 



BOOK IL 



INTRODUCTORY REMARKS. 

The geometrical figure with which we are chiefly concerned 
in this book is the Rectanqle. A rectangle is said to be con- 
tained by any two of its adjacent sides. 

Thus if ABCD be a rectangle, it is said to be contained by 
ABy AD, or by any other pair of adjacent sides. 

-4 2> 



B a 

We shall use the abbreviation red,, AB, AD to express the 
words " the rectangle contained by AB, AD" 

We shall make frequent use of a Theorem (employed, but not 
demonstrated, by Euclid) which may be thus stated and proved . 

Proposition A. Theorem. 
If the adjacent sides of one rectangle be equal to the adjacent 
sides of another rectangle, each to each, the rectangles are equal 
in area. 
Let ABCD, EFOH be two rectangles : 

and let AB-^EF and BC=-FQ. 




B a T o 

Then must rect ABCD^rect EFGH, 
For if the rect. EFGH be applied to the rect. ABCD, so 
that EF coincides with AB, 
then Fa will fall on BC, v z EFG=^ l ABC, 

and G wiU coincide with C, v BC=FG. 
Similarly it may be shewn that H will coincide with D, 
,\ Tect. EFGH coincides with and is therefore eijual to rect. 
ABCD. (^Y^ii. 
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Proposition I. Theorem. 

If there he two straight lines, one of which is divided into 
any number of parts, the rectangle contained by the two straight 
lines is equal to the rectangles contained by the wndivided Une 
and the several parts of the divided Une, 




Let AB and CD be two given st. lines, 
and let CD be divided into any parts in E, F. 

Then must red. AB, CD = sum of rect, AB, CE and rect. 
A B, EF and rect AB, FD, 

From C draw CG X to CD, and in CG make GH«=^AB, 
Through fl" draw HM \\ to CD, I. 31. 

Through E, F, and D draw EK, FL, DM \\ to CH. 
Then EK and FL, being each=Cff, are esLch»=AB, 

Now CM'=sum of CK and EL and FM. 
And CM^rect. AB, CD, •.• CH^AB, 

CK^rect AB, CE, v CH^AB, 

^L=rect. AB, EF, \' EK=^AB, 

FM=Tect AB, FD, v FL^AB ; 

.-. rect. AB, GD==sam of rect. AB, CE and rect. AB, EF 
and rect. AB, FD, 

Q. E. D. 

Ex. If two straight lines be each divided into any number 
of parts, the rectangle contained by the two lines is equal to 
the rectangles contained by all the parts of the one taken 
separately with all the parts of the other. 
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Proposition IL Theorem. 

Jf a straight line he divided into any two parts, the rectangles 
contained by the whole and each of ike pa/rts are together equal 
to the squa/re on the whole line. 




Let the st. line AB be divided into any two parts in (Z 

Then must 

sq, on AB^swm of red, AB, AC and rect, AB, (JR. 

On AB describe the sq. ABEB I. 46. 

Through C draw CF \\ to AD, I. 31. 

Then AE-^mm of AF and GE, 
Now AE is the sq. on AB, 

AF^TQct AB, AC, V ABr^AB, 
CE=Tect AB, CB, ',' BE^AB, 
.'. sq. on AB '^snm cf rect. AB, AC and rect. AB, CB, 

Q. E. D. 

Ex. The square on a straight line is equal to four times the 
square on half the lin% 



So 
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Proposition III. Theorem. 

If a straight line he divided into any two parts, the rectangle 
contained by the whole and one of the parts is equal to the rect- 
angle contained by the two parts together with the square on the 
aforesaid part. 




Let the st. line AB be divided into any two parts in C, 

Then must 

rect. AB, CB=sum ofrect AG, CB and sq. on CB. 

On CB describe the sq. CDJSB, I. 46. 

From A draw AF \\ to CD, meeting ED produced in F, 

Then AE==8xim. of AD and CE. 
Now ^ j;=rect. AB, CB, v BE^ CB, 
AD=Tect. AC, CB, v CD= CB, 
CE^sq, on CB^ 
.*. rect. AB, CJB=sum of rect. AC, CB and sq. on CB. 

Q. E. D. 

Note. When a straight line is cut in a point, the distances 
of the point of section from the ends of the line are called the 
segments of the line. 

If a line AB be divided in 0, 
AC and CB are called the internal Segments of AB, 

If a line -40 be produced to B, 
AB and CB are called the external segments of AC. 
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Proposition IV. Theorem. 

If a straight line be dimded into any two parts, the square 
on ihe whole line is equal to the squares on the two parts together 
with twice the rectangle contained by the parts, 

A a B 



N 



¥ 



Let the st. line AB be divided into any two parts in C, 
Then must 
tq, on AB=8fimi ofsqq, on AC, CB and twice rect AC, CB. 

On AB describe the sq. ADEB. I. 46. 

From AD cut off AH = CB. Then HD=AC 

Draw CG \\ to AD, and HK || to AB, meeting CG in F. 

Then •.• BK^AH, /. BK^ CB, Ax. i. 

.-. BK, KF, FC, CP are all equal ; and KBC is a rt. z ; 

.*. CK is the sq. on CB. Def. xxx. 

Also JT6?=sq. on AC, v HF and ED each^^C. 

Now AE^mm of HG, CK, AF, FE, 

^^=sq. on AB, 



and 



J3rG^=sq. on AC, 
CK:=8q. on CB, 
^jP=rect. AC, CB, 
FE^xQct. AC, CB, 



CF^ CB, 
FG^AC^ndiFK^CB. 



,\ sq. on -4J5=8um of sqq. on AC, CB and twice rect. AC, CB. 

Q. E. D. 

Ex. In a triangle, whose vertical angle is a right angle, a 
straight line is drawn from the vertex perpendicular to the 
base. Shew that the rectangle, contained by the segments of 
the base, is equal to the square on the perpetidicwlat. 

AJE 
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Proposition V. Theorem. 

If a straight line he divided into two equal parts and also 
into two unequal parts, tJie rectangle contained by the unequal 
parts, together with the square on the line heiween the points of 
section, is equal to the square on half the line. 




Let the st. line AB be divided equally in C and unequally 

ini>. 

Then mv^st 

red, AD, DB together with sq. on CD=sq, on CB, 



On CB describe the sq. CEFB. 
Draw DG \\ to CE, and from it cut off DH^DB, 
Draw HLK \\ to AD, and AK \\ to DH, 



1.46. 
1.31. 
1.31. 



Then rect. jD^=rect. AL, 
Also L(T=sq. on CD, 



v BF^AC, and BD^CL. 
V LH^CD, and HG=^CD, 



Then rect. AD, DB together with sq. on CD 
=AH together with LG 
=sum of AL and CH and LG 

m 

= sum of DF and CH and LG 

= CF 

=sq. on CB. ' 



Q. £. D. 
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Proposition VI. Theorem. 

If a straight line he bisected and produced to any pointy ike 
rectangle contained by the whole line thus produced and the pa/rt 
of it produced, together vrith the square on half the line bisected, 
is equal to the square on the straight line which is made up of 
the half and the part produced. 



A a : 


p ID 
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Let the st. line AB be bisected in C and produced to D. 

Then must . 

rect, AD, DB together with sq, on CB=^sq. on CD, 

On CD describe the sq. CEFD. I. 46. 

Draw BG \\ to CE, and cut oflf BH^BD, I. 31 

Through H draw KLM \\ to AD I. 31. 
Through A draw AK \\ to CE. 



Now ••• BG^ CD and BH^-BD ; 
,\HG^CB\ 
.*. rect. MG^iQci, AL, 

Then rect AD, DB together with sq. on CB 
. = sum oi AM and LG 
=a sum of AL and CM and LG 
=sum of MG and CM and LG 
=^CF 
B=8q. on CD, 



Ax. 3. 
II. A. 



C^,. "E.. \i. 
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Note. We here give the proof of an important theorem, 
which is usually placed as a corollary to Proposition V. 



Proposition B. Theorem. » 

Thd difference hetween the squares on any two straight lines 
IS equal to the rectangle contained by the sum and difference of 
those lines. 



P ^ 




Let AC J CD be two st. lines, of which JC is the greater, 
and let them be placed so as to form one st. line AD, 

Produce AD to jB, making CB=AC. 

Then ^Ds*.the sum of the lines AC, CD, 

and DjB=the difference of the lines AC, CD, 

Then must difference between sqq, on AC, CD^rect, AD, DB. 

On GB describe the sq. CEFB, I. 46. 

Draw DO \\ to CE, and from it cut off DH^DB, I. 31. 

Draw HLK \\ to AD, and AK \\ to DH. I. 31. 

Then rect. DJ'^rect. AL, \'BF^AC, and BD=CL. 

Also LG = sq. on CD, '. ' LH= CD, and EG = CD, 

Then f'*fference between sqq. on AC, CD 

= difference between sqq. on CB, CD 

«=«sumof OJTand DF 

«=sum of CH and AL 

^AH 

=rect. AD, DB 

=rect. AD, DB, 

Q. E. D. 

Ex. Shew that Propositions V. and VI. might be deduced 
from this Proposition. 
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Peoposition VII. Theorem. 

If a straight line he divided into any two parts, the 
iqua/res on the whole lin>e and on one of the parts are equal 
to twice the rectangle contained hy the whole and that part 
together with the square on the other part. 



— K. 





a OB 


^rm 


a 


] 


M 






2 


-> J 


f 33 



Let AB be divided into any two parts in C 
Then must 
sqq. on AB, BC=^tvnce rect AB, BC together with sq, on AC. 

On AB describe the sq. ABEB, I. 46. 

From AD cut oflf AH= CB, 

Draw CF || to AD and HGK 11 to AB. I. 31. 

Then j&i^=sq. on AC, and CX-sq. on CB. 

Then sqq. on AB, BC^^sxxm of AE and CK 

=sum of AK, HF, GE and CK 
=sum of AK, HF and CE, 

Now ^Z:=rect. AB, BC, •-• BK=BC ; 
CE^rect. AB, BC, v BE=-AB ; 
J3:F=sq. on AC 

.'. sqq. on AB, BC= twice rect. AB, £0 together with sq. on -4G 

Q. B. D^ 

Ex. If straight lines be drawn from G to B and Ccoql^ 
to D, shew that BOD ib a straight line. 



EUCLias ELBMEtfTS. 



PsoFoeinoH TIIL Theorek. 

// a (troi^U Hit* ht divided into any two partt, four 
tiana tht nclangU contained by the whole line and one of the 
parU, together wiih Ike iqtuire on th4 other part, u eqval to 
the sqvare on the etraight 2in« which it made v.p of the lehoU 
and the Jiret part. 



S fir X Jf 

Let the at. line AB be divided into any two porta In 0. 

Prodaoe ABioD,&o that BD=BC. 
Then must four lime» rect. AB, BG together with sq. 
AO-tq. on AD. 

On AD describe the tq. AEFD. 1. 

Fioia AE cat oB AM mA MX each=CB. 
Through G, B draw GH, BL \\ to AE. I. 

Through M, X draw MGKN, XPEO \\ to AD. I. 
Now ■.■ XE=-AG, and XP^-AC, .: XH^Bq. on AC. 
Also AG~MP'-FL=^BF, T- 

and CK-.GR=BN=KO ; I. 

,: sum of these eight rectangles 

"^^four times the sum of AG, GK 
^toax times AE 
>=four times rect AB, BO. 
Then four times rect AB, BG and sq. on AC 
— snm of the eight rectangles and XH 
"ABFD 
— B9. on AD. Q. X. ] 
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Proposition IX. Theorem. 

If a straight line he divided into two equaly and also into 
tvDo unequal pa/rts, the squa/res on the two unequal parts are 
together double of the squa/re on half the line and of the 
gquare on the line between the points of section. 




I. 32. 

I. A. 



Let AB be divided equally in C and unequally in D. 
Then must 
svm of sqq. on AD, DB— twice sum of sqq, on AC, CD, 
Draw CE^AC at rt. z s to AB^ and join EA, EB, 
Draw DF at rt. z s to AB, meeting EB in F, 
Draw FG&tTt z s to EC, and join AF. 

Then •.• z ACE is a rt z , 
.*. sum of z s AEC, EAC=^9, rt. z ; 
and ••• z AEC=^ z EAC, 
,\ z^^C« half art. z. 
So also z BEC and z EBC are each = half a rt. z . 

Hence z AEF is a rt. z . 
Also, •.• z CrJ^J'is half a rt. z , and z EGF k a rt. z 
.-. z ^i^'C? is half a rt. z ; 
.-. z i?^6?= z GEF, and .-. EG^GF. 
So also z 5^jD is half a rt. z , and BD=DF, 

Now sum of sqq. on AD, DB ^ 

=sq. on AD together with sq. on DF 

=sq. on AF 

=sq. on AE together with sq. on EF 

=sqq. on AC, EC together with sqq. on EG, GF I. 47. 

= twice sq. on ^0 together with twice sq. on GF 

= twice sq. on ^0 together with twice sq^on CD, 



I. B. Cor. 



1.47. 
1.47. 
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Proposition X. Theorem. 

If a straight line he bisected and produced to any point, 
the square on the whole line thus produced and the squa/re on 
the part of it produced are together double of ike square on 
half the line hisacted and of the square on ^ line made up 
of the half and the part produced. 




I. A. 



Let the at. line AB be bisected in C and produced to D, 

Then must 

surru of sqq, on AD, BD^* twice sum of sqq, on AC, CD, 

Draw CEi. to AB, and make CE=AC, 
Join EA, EB and draw EF \\ to AD and DF || to CE, 
Then •/ i s FEB, EFD are together less than two rt. z s, 
:*. EB and FD will meet if produced towards B, D 
in some pt. G, 

Join AG. 

Then •.' z ACE is a rt. z , 
/. z s EAC, AEC together=a rt. z , 
and •.• z EAC= z AEC, 
,'. z^jEO= half art. z. 
So also z s BEC, EBC each=half a rt. z . 
.-. z AEB is a rt. z . 

Also z DBG, which = z EBC, is half a rt. z , . 
and .*. z BGD is half a rt. z ; 

.-. BD=DG, I. B. Cor. 

Again, '.• z FGE=\Mi a rt. z , and z Ei^O is art. z , I. 34. 
.-. z -F^Gf=half a rt. z , and EF=FG. I. b. Cor. 
Then sum of sqq. on AD, DB 
=sum of sqq. on AD, DG 

=sq. on AG - I. 47. 

=sq. on AE together with sq. on EG I. 47. 

«=sqq. Qh AC, EG together with sqq. on EF, FG 1, 47. 
"= twice sq. on AC together with twice sq. on EF 
^ twice sq. on AC together with twice sq. on CD. q. k. d. 
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Proposition XI. Problem. 

To divide a given straight line into tvx> pa/rtSt so that the rect- 
angle contained by the whole and one of the parts shall be equal 
to the square on the other part. 



JS' ( 




A 








^ 





2i 



1.46. 
I. 10. 



Let AB be the given st. line. 

On AB descr. the sq. ADCB, 

Bisect AD in i? and join EB. 
Produce DA to F, making EF==EB, 

On AF descr. the sq. AFGH, I. 46. 

Then AB is dimded in H so that rect. AB, BH^sq. on AH, 

Produce GH to K, 

Then •.* DA is bisected in E and produced to F, 
.*. rect. DF, FA together with sq. on AE 
=sq. onEF 

=:sq. on EBy \' EB=EF, 
=sum of sqq. on AB, AE, 

Take from each the square on AE, 

Then rect. DF, FA^sq, on AB, 

Now -F^-rect. DF, FA, v FG=FA. 

.-. FK^AC. 

Take from each the common part AK, 

Then FH=HC; 
that is, sq. on ^ir=rect. AB, BH, v BC=^AB, 

Thus AB is divided in £" as was reqd. 

Q. E. F. 

Ex. Shew that the squares on the whole line'and one of the 
parts are equal to three times the square on tlae o\iXiet ^^\Xi. 



II. 6. 
1.47. 

Ax. 3. 
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Proposition XIL Theoreh. 

In ohtuM-angUd triangles, if a perpendicular be drawn from 
either of ihe acute angles to the opposite side produced, the square 
on ihe side subtending (he ohtuM angle is greater than ihe squares 
on the sides containing Ihe obtuse angle, by twiee the rectangle 
contained by (he side, upor^ which, when produced, the perpendi- 
cular falls, and the straight Une intercepted withouit the triangle 
between the perpendicular and ihe cbtuse angle. 




Let ABC be an obtuse-aDp;led A, bavin j^r i ACB obtuse. 

From A draw AD ± to EC produoed. 
Then must sq, on AB be greaJtcr than sum of sqq, on BC, 
CA by twice rect BC, CD. 

For since BD is divided into two parts in C, 

sq. on BD ^sam of sqq. on BC, CD, and twice rect. BC, CD. 

IL4. 
Add to eacb sq. on DA : then 

sum of sqq. on BD, DA '^Bum of sqq.. on BC, CD, DA and 

twice rect. BC, CD. 

Now sqq. on BD, DJ.>»8q. on AB, ' I. 47. 

and sqq. on CD, DJlasq. on CA ; I. 47. 

• 

.*. sq. on AB'MBxun, of sqq. on BC, CA and twice rect BC, CD. 
.*. sq. on AB is greater than som of sqq. on BC, CA by. 
twice rect BC, CD. 

Q. E. D. 

Ex. The squares on the diagonals of a trapezium are 
together equal to the sqoares on its two sides, which are not 
parallel, and t^ice the rectangle contained by the sides, which 
Vre paralleL 
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Proposition XIIL Theorem. 

In every triangle^ the square on the side subtending any of 

ihe cxute angles is less than the squares on the sides containing 

that angle, hy twice the rectangle contained by either of these sides 

and the straight line intercepted between the perpendicuUMr, let 

fall upon it from the opposite angle, and the acute am^le, 

Fio. £. 





C J c 2> 

Let ABC be any a , haying the i ABC acute. 
From A draw AD 1. to BG or BG produced. 
Then must sq, on AC be less than the sv/m of sqq, on AB, 
BC, by twice rect. BC, BD. * 

For in Fig. 1 BC is divided into two parts in D, 

and in Fig. 2 BD is divided into two parts in C; 

.'. in both cases 

sum of sqq. on BC, BD '=sam of twice rect. BC, BD and 

sq. on CD, II. 7. 

Add to each the sq. on DA, then 

sum of sqq. on BC, BD, DA ^«am of twice rect. BC, BD 
and sqq. on CD, DA ; 

.'. sum of sqq. on BC, AB ^^Bvaa of twice rect. BC, BD and 
sq. on^O; 1.47. 

.'. sq. on ^0 is less than sum of sqq. on AB, BC by twice 
rect. BG, BD. 

The case, in which the perpendicular AD coincides with AC, 
needs no prool 

Q. E. D. 

Ex. Prove that the sum of the squares on any two sides of 
a triangle is equal to twice the sum of the squares on half the 
base and on the line joining the vertical angle with the middle 
point of the base. 
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Proposition XrV. Problem. 

To describe a square that shall be eqyial to a given rectUiiieaa 
figure. 





Let A be the given rectiL figure. 
It is reqd, to describe a square that shall— A, 

Describe the rectangular O BCDE—A. I. 45. 
Then if BE=ED the O BCDE is a square, 
and what was reqd. is done. 

But if BE be iiot=ED, produce BE to F, so that EF=ER 
Bisect BF in G ; and with centre G and distance GB, 
describe the semicircle BHF, 
Produce DE to H and join GH. 

Then, •.• BF is divided equally in G and unequally in Ef 
.'. rect. BE, EF together with sq. on GE 

=sq. on GF 
=sq. on GH 

=sum of sqq. on EH, GE. 
Take from each the square on GE. 

Then rect. BE, EF^^sq. on EH 
But rect. BE, EF^BD, v EF^ED ; 
.'. sq. on EB=BD\ 
.'. sq. on ^if=rectil. figure A. 

Q. £. F. 



II. 5. 



1.47. 
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Miscellaneous Exercises on Booh IT, 

1. In a triangle^ whose yertical angle is a right angle, a 
straight line is drawn from the vertex perpendicular to Ihe 
base ; shew that the square on either of the sides adjacent to 
the right angle is equal to the rectangle contained by the 
base and the segment of it adjacent to that side. 

2. The squares on the diagonals of a parallelogram are to- 
gether equal to the squares on the four sides. 

3. If ABCD be any rectangle, and any point either 
within or without the rectangle, shew that the sum of the 
squares on OA^ OC is equal to the sum of the squares on OB, 

on. 

4. If either diagonal of a parallelogram be equal to one of 
the sides about the opposite angle of the figure, the square on 
it shall be less than the square on the other diameter, by twice 
the square on the other side about that opposite angle. 

5. Produce a given straight line AB to C, so that the rect- 
angle, contained by the sum and difference of AB and AC, may 
De equal to a given square. 

6. Shew that the sum of the squares on the diagonals of any 
quadrilateral is less than the sum of the squares on the four 
sides, by four times the square on the line joining the middle 
points of the diagonals. 

7. If the square on the perpendicular from the vertex of a 
triangle is equal to the rectangle, contained by the segments 
of the base, the vertical angle is a right angle. 

8. If two straight lines be given, shew how to produce one 
of them so that the rectangle contained by it and the produced 
part may be equal to the square on the other. 

9. If a straight line be divided into three parts, the square 
on the whole line is equal to the sum of the squares on the parts 
together with twice the rectangle contained by each two of the 
parts. 
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10. In any quadrilateral the squares on the dia^nals are 
together equal to twice the sum of the squares on the straight 
lines joining the middle points of opposite sides. 

11. If straight lines be drawn from each angle of a triangle 
to bisect the opposite sides, four times the sum of the squared 
on these lines is equal to three times the sum of the squares on 
the sides of the triangle. 

12. CD is 4rawn perpendicular to AB^ a side of the triangle 
ABG, in which AO^AB. Shew tiiat the square on CD is 
equal to the square on BD together with twice the lectan^ 
AD, DB. 

13. The hypotenuse AB of a right-angled triangle ABCia 
trisected in the points D, JB; proye that if CD, CE be joined, 
the sum of the squares on the sides of the triangle CDE is 
equal to two-thirds of the square on AB, 

14. The square on the hypotenuse of an isosceles right-angled 
triangle is equal to four times the square on the perpendicular 
from the right angle on the hypotenuse. 

15. Divide a given straight line into two parts, so that 
the rectangle contained by them shall be equal to the square 
described upon a straight line, which is less than half the line 
divided. 
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Note 6. — On the Measurement of Areas, 

To mecuwre a Magnitude, we fix upon some magnitude of the 
same kind to serve as a standard or unit; and then any 
magnitude of that kind is measured by the number of times it 
oontains this unit, and this number is called the Mbasure of 
the qoantitiy. 

Suppose, for instance, we wish to measure a straight line 
AB, We take another straight line EF for our standard. 



A B C D B F 

and then we say 

yi AB contain EF three times, the measure of AB is 3, 

if four 4, 

if X X, 

Next suppose we wish to measure two straight lines AB, 
CD by the same standard EF, 

If AB contain EF m times 
and CD n times, 

where m and n stand for numbers, whole or fractional, we say 
that AB and CD are eomnnensurahle. 

But it may happen that we may be able to find a standard 
line EFy such that it is contained an exact number of times in 
i£ ; and yet there is no number, whole or fractional, which 
▼ill express the number of times EF is contained in CD, 

In such a case, where no unit-line can be found, such that it 
is contained an exact number of times in ecuik of two lines 
i^, GDf these two lines are called incommeriev/rable. 

In the processes of Geometry we constantly meet with 
incommensurable magnitudes. Thus the side and diagonal of 
a square are incommensurables ; and so are the diameter and 
cbeiunference of a circle. 
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Next, suppose two lines AB, AC to be at right angles to 
each other and to be commenaurable, so that AB contains foar 
times a certain unit of linear measurement, which is contained 
hj AG three times. 



Divide AB, AC into four and three equaj parts respeotiTely, 
and draw lines through the points of division parallel to AC, 
AB respectively ; then the rectangle ACDB is divided into a 
number of equal squares, each constructed on a line eqoal'b) 
the unit of linear measurement. 

If one of these squares be taken as the unit of area, the 
meaeure of the area of the rectangle ACDB will be the number 
of these squares. 

Now this number will evidently be the same as that obtained 
by multiplying the measure of ^jB by the measure of AC ; 
that is, the measure of AB being 4 and the measiire of AC 3, 
the measure of ACDB U 4 x 3 or i2. (Algebra; Art. 38.) 

And generally, if the measures of two adjacent sides of a 
rectangle, supposed to be commeosurabie, be a and 6, then the 
measure of the rectangle will be ah. (Algebra, Art. 39.) ' 

If all lines were commensurable, then, whatever might be the 
length of two adjacent sides of a rectangle,- we might select the 
unit of length, so that the measures of the two sides should be 
whole numbers ; and then we might apply the processes of 
Algebra to establish many Propositions in Geometry by simpler 
methods than those adopted by Euclid. 

Take, for example, the theorem in Book li. Prop. rv. 

If all lines were commensurable we might proceed thus ; — 
Let the measure of AC be x, 

of C5 ... y. 

Then the measure of AB is x+y. 

Now (x + y)*= «' + ^' + 2xy, 

which proves Uie theorem. 
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But, inasmuch as all lines are not commensniable, We have 
in Geometry to treat of magnitudes and not of measures: 
that is, when we use the symbol A to represent a line (as 
in I. 22), A stands for the line itself and not, as in Algebra, 
for the number of units of length contained by the line. 

The method, adopted by Euclid in Book II. to explain the 
relations between the rectangles contained by certain lines, is 
more exact than any method founded upon Algebraical prin- 
ciples can be ; because his method applies not merely to the 
case in which the sides of a rectangle are conmiensurable, but 
also to the case in which they are incommensurable. 

The student is now in a position to understand the practical 
application of the theory of Equivalenoe of Areas, of which 
the foundation is the 35th Proposition of Book L We shall 
give a few examples of the use mi^e of this theory in Men- 
suration. 



Area of a Parallelogram. 

The area of a parallelogram ABCD is equal to the area 
of the rectangle ABEF on the same base AB and between 
the same parallels AB, FC, 




Now BE is the altitude of the parallelogram ABCD if 
AB be taken as the base. 
Hence area of O ABCD^rect. AB, BE. 
If then the measure of the base be denoted by 5, 

and altitude J^ 

the measure of the area of the O will be denoted by hh 
That is, when the base and altitude are commensurable, 
measure of areas measure of base into measure of altitude. 

8.B. ^ 
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Area of a Triangle, 

If from one of the angular points J. of a triangle AI 
perpendicular AD be drawn to £C, Fig. 1, or to BC prodi 
Fig. 2, 

Pio- 1. • . Fia. 2. 





and if, in both cases, a parallelogram ABCE be compl 
of which AB, BC are adjacent sides, 

area of A ABC=ha]f of area of O ABCE, 
Now if the measure of BC be 6, 

and AD... h, 

measure of area of O ABCE is hh ; 

hh 

,', measure of area of A ABC is — - . 

2 

Area of a Rhombus. 

Let ABCD be the given rhombus. 

Draw the diagonals ^(7 and BD, cutting one another in 




It is easy to prove that AC and BD bisect each othe 
right angles. 
Then if the measure of ^C be x, 

and BD ...y, 

measure of area of rhombus = twice measure of a ACD. 

= twice ^ 
4 

2- 
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Area of a Trapeziwrn. 

Let ABCD be the given trapeziam, having the sides AB, 
CD parallel. 

Draw AE at right angles to CD. 




J> JS 



Produce DC to F, making CF^AB. 

Join jUP*, catting BC in 0. 

Then in As ^05, COF, 

V z 5^0= z CFO, and z ^0J5= z ^00, and AB=CF; 

m 

.'. hCOF==AAOB. 1.26. 

Hence trapezium ABCD= aADF. 

Now suppose the measures of AB, CD, AE to be m, 7c, p 
lespectively ; 

.-. measure oiDF=m^n, v CF=^AB. 

Then measure of area of trapezium 

= J (measure of DF X measure of AE) 
=J(m + n) Xp. 

That is, the measure of the area of a trapezium is found by 
niultiplying half the measure of the sum of the, parallel sides 
^ the measure of the perpendicular distance bet^reexi t\\& 

"^"^ 280179 
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Arm of an Irregular Polygon. 

There are three methods of finding the area of an irregular 
polygon, which we shall here briefly notice. 

I. The polygon may be divided into triangles, and the 
area of each of these triangles be found separately. 




•F, D 

Thus the area of the irregular polygon ABODE is equal 
to the sum of the areas of the triangles ABE, EBD, DBG, 

II. The polygon may be converted into a single triangle 
of equal area. 

If ABODE be a pentagon, we can convert it into an 
equivalent quadrilateral by the following process : 




Join BD and draw OF parallel to BD, meeting ED pro- 
duced in F, and join BF. 

Then will quadrilateral ^JBi^J57= pentagon ABODE, 

For A BDF= A BOD, on same base BD and between 
same parallels. 

If, then, from the pentagon we remove a5CjD, and add 
A BDF to the remainder, we obtain a quadrilateral ABFE 
equivalent to the pentagon A BODE, 
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The quadrilateral may then, by a similar process, be con- 
Terted into an equivalent triangle, and thus a polygon of any 
number of sides may be gradually converted into an equiva- 
lent triangle. 

The area of this triangle may then be found. 

IIL The third method is chiefly employed in practice by 
Surveyors. 




Let ABGBEFG be an irregular polygon. 

Draw AEj the longest diagonal, and drop perpendiculars 
on AE from the other angular points of the polygon. 

The polygon is thus divided into figures which are either 
right-angled triangles, rectangles, or trapeziums ; and the areas 
of each of these figures may be readily calculated. 



I02 



EUCLID'S ELEMENTS. [BookB I. & IL 



NoTB 7. On Projections, 



The projection of a point B, on a straight line of unlimited 
length AE, is the point M at the foot of the perpendicular 
dropped from B on AE, 

The projection of a straight line BG, on a straight line of 
unlimited length AEj is MN, — ^the part oi AE intercepted 
between perpendiculars drawn from B and G, 

When two lines, as AB and AE, form an angle, the pro- 
jection of AB on AE is AM, 




We might employ the term projection with advantage to 
shorten and make clearer the enunciations of Props, xii. and 
XIII. of Book 11. 

Thus the enunciation of Prop. xii. might be : — 

" In oblique-angled triangles, the square on the side sub- 
tending the obtuse angle is greater than the squares on the 
sides containing that angle, by twice the rectangle contained 
by one of these sides and the projection of the other on it." 

The enunciation of Prop. xiii. might be altered in a similar 
manner. 
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Note 8. On Loci, 

Suppose we have to determine the position of a point, 
which is equidistant from the extremities of a given straight 
line-BO. 

There is an infinite number of points satisfying this con 
dition, for the vertex of any isosceles triangle, described ou 
BG as its base, is equidistant from B and C 




Let ABC be one of the isosceles triangles described on 
BC. 

If BG be bisected in Z), MN, a perpendicular to BG 
drawn through J), will pass through A. 

It is easy to shew that any point in MN, or MN produced 
in either direction, is equidistant from B and G, 

It may also be proved that, no point out of MN is equi- 
distant from B and G, 

The line MN is called the Locus of all the points, infinite 
in number, which are equidistant from B and C 

Def. In plane Greometry Locos is the name given to a 
Kne, straight or curved, all of whose points satisfy a certain 
geometrical condition (or have a common property), to the 
exclusion of all other points. 
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Next, suppose we have Jx) determine the position of a point, 
which is equidistant from three given points Ay By C, not in 
the same straight line. 




If we join A and B, we know that all points equidistant 
from A and ^ lie in the line FD, which bisects AB at right 
angles. 

If we join B and 0, we know that, all points equidistant 
from B and C lie in the line QE, which bisects BC at right 
angles. 

Hence 0, the point of intersection of FD and QE, is the 
only point equidistant from A, B and 0. 

FD is the Locus of points equidistant from A and B, 
QE jBandC, 

and the Intersection of these Loci determines the point, 

which is equidistant from Ay B and C. 

Examples of Loci. 
Find the loci of 

(1) Points at a given distance from a given point. 

(2) Points at a given distance from a given straight line. 

(3) The middle points of straight lines drawn from a 
given point to a given straight line. 

(4) Points equidistant from the arms of an angle. 

(5) Points equidistant from a given circle. 

(6) Points equally distant from two straight lines which 
intersect. 
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NoTB 9. On t^ MetAo(2s employed in the solution of 

Froblems. 

In the soludon of Geometrical Exercises, certain methods 
may be applied with success to particular classes of questions. 

We propose to make a few remarks' on these methods, so far 
as they are applicable to the first two books of Euclid's 
(l^ements. 

Tht Method of Synthesis. 

In the Exercises, attached to the Propositions in the pre- 
ceding pages, the constructioti of the diagram, necessary for the 
solution of each question, has usually been >Ailly described, or 
Boffidently suggested. 

The student has in most cases been required simply to 
apply the geometrical fact, proved in the Proposition preceding 
the exercise, in order to arrive at the conclusion demanded in 
the question. 

This way of proceeding is called Synthesis (crvy^eo-ifss com- 
position), because in it we proceed by a regular chain of reason- 
ing from what is given to what is soughJt, This being the 
method employed by Euclid throughout tiie Elements, we have 
no need to exemplify it here. 

The Method of Analysis, 

The solution of many Problems is rendered more easy ly 
apposing the problem solved cmd the diagram constructed. 
It is then often possible to observe relations between lines, 
angles and figures in the diagram, which are suggestive of the 
steps by which the necessary construction might have been 
effected. 

This is called the Method of Analysis (avaXvo-(ff= resolution). 
It is a method of discovering truth by reasoning concerning 
things unknown or propositions merely GTupposed, as if the one 
were given or the other were really true. The process can 
heat be explained by the following examples. 

Our first example of the Analytical process shall be the 3lBt 
Proposition of Euclid's Pint Book. 
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Ex. 1. To d/raw a straight line through a given point parallel 
to a given straight line. 

Let A be the given point, and BC be the given straight line. 

Suppose the problem to be effected, and EF to be the 
straight line required. 



Now we know that any straight liue AB drawn from A to 
meet BC makes equal angles with EF and BC. (i. 29.) 

This is a fact from which we can work backward, and arrive 
at the steps necessary for the solution of the problem ; thus : 

Take any point D in BC, join AD, make z EAD= l ADC, 
and produce EA to F : then EF must be parallel to BC. 

Ex. 2. To inscribe in a triangle a rhoomhus, having one of its 
angles coincident with an angle of the triangle. 

Let ABC be the given triangle. 

Suppose the problem to be effected, and DBFE to be the 
rhombus. 




Then if EB be joined, i DBE=. i FEE. 
This is a fa<}t from which we can work backward, and deduce 
the necessary construction ; thus : 

Bisect I ABC by the straight line BE, meeting ACmE. 
Draw ED and EF parallel to BC and AB respectively. 
^hen DBFE is the rhombus required. (See Ex. 4, p. 59.) 
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Ex. 3. To determine the poirU in a given straight line, cU 
uhiek stradght lines, drawn from two given 'points, on ike same 
side of the gvoen line, make equal am>gles with it. 

Let CD be*the given line, and A and B the given points. 

Suppose the problem to be effected, and P to be the point 
required. 




D 



We then reason thus : 

If BF were produced fo some point A\ 

I OF A', beings i BFD, wiU be= i AFC. 
Again, if FA' be made equal to FA, 

AA' will be bisected by CP at right angles. 

This is a fact from which we can work backward, and find 
the steps necessary for the solution of the problem ; thus : 

From A draw AG ± to CD. 
Produce ^0 to A\ making OJ.'=OJ.. 
Join BA'^ cutting CD in P. 
Then P is the point required. 



Note 10. On Symmetry, 

The problem, which we have just been considering, suggests 
the following remarks : 

If two points, A and A', be so situated with respect to a 
straight line CD, that CD bisects at right angles the straight 
line joining A and A', then A and A' are said to be symmetrical 
with regard to CD, 

The importance of symmetrical relations, as suggestive 01 
methods for the solution of problems, cannot \i^ ixxSt^ ^«^"a. 
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to a learner, who is unacquainted with the properties of the 
circle. The following example, however, will illustrate this 
part of the subject sufficiently for our purpose at present. 

Find, a point in a given straight Kne, swh that the gum of its 
distances from twofiaed poimJts on the same side of the line is a 
minimvm, (hat is, less than the sum of the distances of any other 
poinJt in the Une from the faced points. 

Taking the diagram of the last example, suppose CD to be 
the given line, and A, B the given points. 

Now if A and A' be symmetrical with respect to CD, we 
know that emeiry point in CD is equally distant from A and A', 
(See Note 8, p. 103.) 

Hence the sum of the distances of any point in CD from A 
and B is equal to the sum of the distances of that point from 
A' and B. 

But the sum of the distances of a point in CD from A' and 
B is the least possible when it lies in the straight line joining 
A' and JB. 

Hence the point P, deUrmined as in ike last example, is the 
point required. 

Note. Propositions ix., x., xi., xil of Book I. give good 
examples of symmetrical constructions. 



Note 11, EucUdls Vroof of i. 6. 

The angles aJt the hose of an isosceles triangle are equal to one 
another ; and if the equal sides he produced, the angles upon the 
other side of the hose shall he equal. 

Let ABC be an isosceles A , having AB^A C. 

Produce AB, AC to D and E. 

Then must L ABC^ i ACB, 

and I DBC-^ L ECB, 
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In BB take any pt. ¥, 

From AE cut off AQ^AF. 
Join ¥G and (^5. 




Then in /\s AFC, AGB^ 

V FA^GA, mdAC=^AB, and aFAC^a GAB, 
.'. FC=GB, and z ^^0= z ^G^^, and z J OT= z JJ5(7. 



Again, •/ AF=^AGy 

of which the parts ^J5, -40 are equal, 
/. remainder 5i^= remainder CG. 

Then in t,^ BFG, CGB, 

V BF=CG, and FC=GB, and z 5i^0=^ z OG^B, 
.-. z ^50= z G^OT^ and z ^C^= z CBG^, 

Now it has been proved that z ACF= z ^5Gf, 
of which the parts z JBCF and z CBG are equal ; 

/. remaining z -4 (7JB= remaining z ^50. 

Also it has been proved that z FBC= z ^CF, 
that is, z i)jBO« z ECB, 



1.4. 



Ax. 3. 



1.4 



Ax. 3. 



0.. '^. \i. 
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Note 12. Budicts Proof of I. «. 

If two angles of a tricmgle be equal to one another, ihs 
sides also, lohich subtend the equal angles, shall be equal to 
one another. 




n 

In A^jBOlet iACB^lABO. 
Thm must AB^AC. 
For if not, AB is either greater or less than Ad 
Suppose AB to be greater than AC. 
From AB cut off BD=AC, and join JUG. 
Then in A s DBC, A CB, 
'/ DB^AG, and BG is common, and z BBG^ I AGB, 

/. LBBG=^t^AGB] I. 4. 

that is, the less »> the greater ; which is absurd. 
.•. AB is not greater than AC, 
Similarly it may be shewn that AB is not less than AC; 

.'. AB-^AG. 

Q. E. D. 

Note 13. Eudid!s Proof of I, 7. 

Upon the same bane and on the same side of it, there 
cannot be two triangles that have their sides which are ter- 
minated in one extremity of the base equal to one another^ 
and their sides which are terminated in the other extr&mity 
of the base equal also. 

If it be possible, on the same base AB, and on the same 
side of it, let there be two A s AGB, ADB, such that AC^AD, 
and also jBC=JB2>. 

Join CD. 
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First, wheu the vertex of each of the as is outside the 
other A (Fig. 1.) ; 

Fio 1. Pio. 2. 





V AD=AC, 

.\ L ACD== L ADC. I. 5. 

But lACDia greater than z BCD ; 

.V z ADC is greater than z BCD ; 

much more is z 5i>0 greater than z BCD, 

Again, •/ BC=BD, 

.', z JBi>0= z JBOD, 

that is, z jBDO is both equal to and greater than z BCD ; 
which is absurd. 

Secondly, when the vertex D of one of the a s falls mthin 
the other A (Fig. 2) ; 

Produce AC and AD to E and F 

Then •.* AC=AD. 

.-. z J57Ci>= z FDC. I. 5. 

But z ECD is greater than z BCD ; 

.-. z JPDO is greater than z 5CD ; 
much more is z BDC greater than z ^Ci>. 
Again, •.• BC=-BD, 

.-. z JBi>C= z jBOD ; 
that is, z JBDC is both equal to and greater than z BCD ; 
which is absurd. 

Lastly, when the vertex D of one of the As falls on a 
side EC of the other, it is plain that BC and BD cannot 
be equal c^. '^^ \i. 
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Note 14. EucMs Proof of L 8. 

If two triangles have two sides of the one equal to two 
sides of the other, each to ea^h, and have likewise their basses 
equal, the angle which is contained by the two sides of Uie 
one must he equal to the angle contain^ by the two sides of 
the other. 





Let the sides of the A s ABC, DEF be equal, each to each, 
that is, AB^DE, AC=DF and BC=-EF. 

Then must lBAC=^ i EDF, 



Apply the A ABC to the a DEF. 

so that pt. B is on pt. E, and BC on EF. 

Then •/ BC=EF, 

.'. C will coincide with F, 
and BC will coincide with EF. 

Then AB and AC must coincide with DE and DF. 

For if AB and AC have a different position, as GE, GF, 
then upon the same base and upon the same side of it there 
can be two A s, which have their sides which are terminated in 
one extremity of the base equal, and their sides which are ter- 
minated in the other extremity of the base also equal : which 
is impossible. I. 7. 

.*. since base BC coincides with base EF, 

AB must coincide with DE, and AC with DF ; 

.'. L ^^0' coincides with and is equal to z EDF. 

Q. E. D. 



1 
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NoTB 16. Another Proof of L 24. 

In the AS ABC, DEF, let AB^DE and ^C=DJ', and 
let z BAG be greater than z EDF. 
Then must BC be greater than EF. 





Apply the A DEF to the A ABC 
so that i)JS7 coincides with AB, 

Then ;.• z EDF is less than z BAC, 
DF will fall between BA and ^C, 

and # will fall on, or a6ot?6, or beloWy BC. 

I. If F fall on £C, 
£J^ is less than BC ; 
.-. EF is less than BC. 

II. If i^ faU ahove BC, 

BF, FA together are less than 

BC, CA,' 
KtidiFA'^CA ; 

.-. BF is less than BC ; 

.-. EF is less than BC. 




III. If F fall fte/oti; BC, 
let J J'' cut 5(7 in 0. 



Then 50, OF together are greater than BF, I. 20. 

and DC, AO AC\ I. 20. 

.\BC,AF J5F, ^(7 together, 

and AF^AC, 
.'. BC IS greater than BF ; 
and .". EF is less than BC. Q. e. d. 

8*JE5« 
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Miscdla/neotis Exercises on Books L and 11. 

1. AB and CD are equal straight lines, bisecting one anothei 
at right angles. Shew that ACBD is a square. 

2. From a point in the side of a parallelogram draw a line 
dividing the parallelogram into two equal parts. 

3. In the triangle FDC, if FOB be a right angle, and angle 
FDG be double of angle CFD, shew that FD is double 
of DC. 

4. If ABC be an equilateral triangle, and AD, BE be per- 
pendiculars to the opposite sides intersecting in F ; shew that 
the square on AB is equal to three times the square on AF, 

5. Describe a rhombus, which shall be equal to a given 
triangle, and have each of its sides equal to one Side of the 
triangle. 

6. From a given point, outside a given straight line, draw 
a line making with the given line an angle equal to a given 
rectilineal angle. 

7. If two straight lines be drawn from two given points to 
meet in a given straight line, shew that the sum of these lines 
is the least possible, when they make equal angles with the 
given line. 

8. ABCD is a parallelogram, whose diagonals AG, BD in- 
tersect in ; shew that if the parallelogpams AOBP, DOCQ 
be completed, the straight line joining P and Q passes through 
0. 

9. ABCD, EBCF are two parallelograms on the same base 
BCy and so situated that CF passes through A, Join DF, 
and produce it to meet BE produced in K ; join FB, and 
prove that the triangle FAB equals the triangle FEK, 

10. The alternate sides of a polygon are produced to meet ; 
shew that all the angles at their points of intersection together 
with four right angles are equal to all the interior angles of 
the polygon. 

11. Shew that the perimeter of a rectangle is always greater 
'^%D that of the square equal to the lectanglo* 
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12. Shew that the opposite sides of an equiangular hexagon 
are parallel, though they be not equal. 

13. If two equal straight lines intersect each other anywhere 
at right angles, shew that the area of the quadrilateral formed 
by joining their extremities is invariable, and equal to one-half 
the square on either line. 

14. Two triangles AGB^ ADB are constructed on the same 
side of the same base AB, Shew that if AG^BD and 
AD-=BC, then CD is parallel to AB ; but if AC^BC and 
AB^BDy then CD is perpendicular to AB. 

15. AB is the hypotenuse of a right-angled triangle ABC : 
find a point D in AB, such that DB may be equal to the per- 
pendicular from D on AC, 

16. Find the locus of the yertices of triangles of equal area 
on the same base, and on the same side of it. 

17. Shew that the perimeter of an isosceles triangle is less 
than that of any triangle of equal area on the same base. 

18. If each of the equal angles of an isosceles triangle be 
equal to one-fourth the vertical angle, and from one of them a 
perpendicular be drawn to the base, meeting the opposite side 
produced, then will the part produced, the perpendicular, and 
the remaining side, form an equilateral triangle. 

19. If a sthdght line terminated by the sides of a triangle 
be bisected* shew that no other line terminated by the same 
two sides can be bisected in the same point. 

20. Shdw how to bisect a given quadrilateral by a straight 
line drawn ftom one of its angles. 

21. Given the lengths of the two diagonals of a rhombus, con- 
struct it. 

22. ABCD is a quadrilateral figure: construct a triangle 
whose base shall be in the line AB, such that its altitude shall 
be equal to a given line, and its area equal to that of the 

ifdrilateraL 

23. If from any point in the base of an isosceles triangle 
rpendicnlars be drawn to the sides, their sum will be equal 
bhe perpendicular from either extremity of the base upon 

opposite side. 
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24. If ABG be a triangle, in which C is a right angle^ and 
BE be diawn from a point D in AC at right angles to JLB, 
prove that the rectangles AB^ AE and AC^ AD are equal 

25. A line is drawn bisecting parallelogram ABCD, and 
meeting AD, BCmEandF: shew that the triangles EBF, 
CED are equal 

20. Upon the hypotenuse BC and the sides CA, AB of a 
right-angled triangle ABO, squares BDEC, AF and AG are 
described : shew that the squares on DQ and EF are together 
equal to five times the square on BO* 

27. If from the vertical angle of a triangle three straight 
lines be drawn, one bisecting the angle, the second bisecting 
the base, and the third perpendicular to the base, shew that 
the first lies, both in position and magnitude, between the 
other two. 

28. If ABG be a triangle, whose angle ^ is a right angle, 
and BE, CF be drawn bisecting the opposite sides respectively, 
shew that four times the sum of the squares on BE and CF is 
equal to five times the square on BC, 

29. Let ACB, ADB be two right-angled triangles having 
a common hypotenuse AB. Join CD and on CD produced 
both ways draw perpendiculars AE, BF, Shew that the sum 
of the squares on CE and CF is equal to the sum of the squares 
on DE and DF. 

30. In the base.^O of a triangle take any point D : bisect 
AD, DC, AB, BC at the points E, F, &, S respectively. 
Shew that EG is equal and parallel to FH, 

■ 

31. If AD be drawn from the vertex of an isosceles triangle 
ABC to a poiut D in the base, shew that the rectangle BD, DO 
is equal to the difference between the squares on AB and AD, 

32. If in the sides of a square four poiuts be taken at equal 
distances from the four angular points taken in order, the 
figure contained by the straight lines, which joiu them, shaU 
also be a square. 

33. If the sides of an equilateral and equiangular pentagon 
be produced to meet, shew that the sum of the angles at the 
points of meeting is equal to two right angles. 
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34 Describe a square that shall be eqnal to the difference 
between two given and unequal squares. 

35. ABCD, AEGF are two parallelograms, EAj AD being 
in a straight line. Let FG, drawn parallel to AC, meet BA 
produced in G. Then the triangle ABE equals the triangle 
ADG. 

36. From AG, the diagonal of a square ABGD, cut off AE 
equal to one-fourth of AC, and join BE, DE, Shew that the 
figure BADE is equal to twice the square on AE. 

37. If ABC be a triangle, with the angles at B and C each 
double of the angle at A, prove that the square on AB is 
equal to the square on BC together with the rectangle AB, 

BC. 

38. If two sides of a quadrilateral be parallel, the triangle 
contained by either of the other sides and the two straight 
lines drawn from its extremities to the middle point of the 
opposite side is half the quadrilateral 

39. Describe a parallelogram equal to and equiangular with 
a given parallelogram, and having a given altitude. 

40. If the sides of a triangle taken in order be produced to 
twice their original lengths, arid the outer extremities be 
joined, the triangle so formed will be seven times the original 
triangle. 

41. If one of the acute angles of a right-angled isosceles 
triangle be bisected, the opposite side will be divided by the 
bisecting line into two parts, such that the square on one will 
be doable of the square on the other. 

42. ABC is a triangle, right-angled at B, and BD is drawn 
perpendicular to the base, and is produced to E until ECB is 

right angle ; prove that the square on BC is equal to the sum 
f the rectangles AD, DC and BD, DE, 

43. Shew that the sum of the squares on two unequal lines is 
reater than twice the rectangle contained by the lines. 

44 From a given isosceles triangle cut off a trapezium, 
Aving the base of the triangle for one of its parallel sides, 
nd having the other three sides equal. 
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45. If any nninber of parallelograms be constructed hayinji; 
their sides of giyen length, shew that the sum of the squares 
on the diagonals of each will be the same. 

46. ABCD is a right-angled parallelogram, and AB is double 
of BC ; on AB an equilateral triangle is constructed : shew 
that its area will be less than that of tJie parallelogram. 

47. A point is taken within a triangle ABG, such that the 
angles BOG, CO A, AOB are equal ; prove that the squares on 
BCy CAj AB are together equal to the rectangles contained by 
OB, OC; OCy OA ; OJi, OB; and twice the sum of the 
squares on OAy OB, OC. 

48. If the sides of an equilateral and equiangular hexagon 
be produced to meet, the angles formed by these lines are 
together equal to four right angles. 

49. ABC is a triangle right-angled at ^ ; in the hypote- 
nuse two points Df E are taken such that BD=BA and 
CE= CA ; shew that the square on DE is equal to twice the 
rectangle contained by BE, CD, 

50. Given one side of a rectangle which is equal in area to a 
^ven square, find the other side. 

51. AB, AC are the two equal sides of an isosceles triangle ; 
from B, BD is drawn perpendicular to AC, meeting it in D; 
shew that the square on BD is greater than the square on CD 
by twice the rectangle AD, CD. 
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Postulate. 

A POINT is within, or without, a circle, according as its 
distance from the centre is less, or greater than, the radius of 
the dide. 

Dbf. I. A straight line, as PQ, drawn so as to cut a circle 
ABCDy is called a Secant. 




That such a line can only meet the circumference in two 
points may be shewn thus : 

Some point within the circle is the centre ; let this be 0. 
Join OA, Then (Ex. 1, i. 16) we can draw one, and only one, 
straight line from 0, to meet the straight line PQ, such that 
it shall be equal to OA, Let this line be 0(7. Then A and 
C are tifie only points in P§, which are on the circumference 
of the circle. 

8. E, //, 
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Def. II. The portion -40 of the secant P§, intercepted by 
the circle, is called a Chord. 

Def. III. The two portions, into which a chord divides 
the circumference, as ABG and ADG^ are called Arcs. 




Def. IV. The two figures into which a chord divides the circle, 
as ABO and ADC^ that is, the figures, of which the boun- 
daries are respectively the arc ABG and the chord AC, and 
the arc ABG and the chord AG, are called Segments of the 
circle. 

Def.*V. The figure AOGD, whose boundaries are two radii 
and the arc intercepted by them, is called a Sector. 

Def. VI. A circle is said to be described about a rectilinear 
figure, when the circumference passes through each of the 
angular points of the figure. 




^ nd the %ure is said to be iuscribed m the circle. 
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Proposition I. Theorem. 

The line, which bisects a chord of a circle at right angles, 
must contain the centre. 




Let ABC be the given © . 
Let the st. line CE bisect the chord AB at rt. angles in D. 

Then the centre of the © must lie in CE, 

For if not, let 0, a pt. out of CE, be the centre ; 
and join OA, OB, OB, 

Then, in A s ODA, ODB, 
'.' AD = BD, and DO is common, and OA = OB ; 

.'. z ODA = z ODB ; I. c. 

and /. I ODB is a right i , I. Def. 9 

But z CDB is a right z , by construction ; 
.*. z ODB = z CI>5, which is impossible ; 
.*. is not the centre. 
Thus it may be shewn that no point, out of CE, can be the 
centre, and .*. the centre must lie in CE. 

CJoB. If the chord CE he bisected vn F, then Fi&ihA cwvixt 
ofihecircU, 
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Propositton II. Theorem. 

If any two points he taken in the circvmferenee of a circle^ 
the straight line, which joins them, must faU within the 
circle, 

c 




Let A and B be any two pts. in the Oce of the © ABC, 

Then must the «.t. line AB fold mthin the . 

Take any pt. D in the line AB. 

Find the centre of the . 

Join OA, OB, OB, 
Then •/ i OAB = i OBA, 
and I ODB is greater than z OAB, 
,', L ODB is greater than z OBA ; 
and .'. OB is greater than OD, 
.*. the distance of D from is less than the radius of the © , 
and .*. D lies within the 0. Post, 

^nd the same may be shewn of any other pt. in AB. 
.'. AB lies entirely within the 0. 

Q- E. D. 



ni. 1, Cor. 

I. A. 

I. 16. 
L 19. 



be -c- 
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Proposition III. Theorem. 

If a straight line, drawn ihrough the centre of a cirde, bisect 
a chord of the circle, which does not pass through the centre, it 
must cut U at right angles : and conversely ^ if it cut it at right 
angles, it must bisect it 




In the ABC, let the chord AB, which does not pass 
through the centre 0, be bisected in J^ by the diameter CD, 

Then must CD be ± to AB. 

Join OA, OB, 
Then in a s ABO, BEO, 
V AE=BE, and EO is common, and OA = OB, 



.'. L OEA^ L OEB, 
Hence 0^ is ± to AB, 
that is, CD is ± to AB, 

Next let CD be ± to AB, 

Then must CD bisect AB, 



I. c. 
I. Def. 9. 



For 



I. E. Cor. p. 43. 

Q. E. D. 



.• OA=OB, and OE is common, 
in the right-angled A s AEO, BEO, 

,\ AE^BE, 
that is, CD bisects AB. 

Ex. 1. Shew that, if CD does not cut AB at right angles, 
it cannot bisect it. 

Ex. 2. A line, which bisects two parallel chords in a circle, 
is also perpendicular to them. 

Ex 3. Through a given point within a circle, wMcli ^a t.q\. 
the centre, dmw a chord wMch shall be bisecled iai ^iNi'^X) ^csvs^i. 
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Proposition IV. Theorem. 

If in a circle two chords^ which do not both pass through the 
centre, cut one another, they do not bisect each other. 




Let the chords AB, CD, which do not both pass through the 
centre, cut one another, in th6 pt. E, in the © ACBD. 

Then AB, CD do not bisect each other. 

If one of them pass through the centre, it is plainly not 
bisected by the other, which does not pass through the centre. 

But if neither pass through the centre, let, if it be possible, 
AE=EB and CE^ED ; find the centre 0, and join OE. 

Then •/ OE, passing through the centre, bisects AB, 

.-. I OEA is a rt. i. III. 3. 

And '.' OE, passing through the centre, bisects CD, 

.-. L OEC is a rt. z ; III. 3. 

.*. z OEA = I OEC, which is impossible ; 

.*. AB, CD do not bisect each other. q. e. d . 

Ex. 1. Shew that the locus of the points of bisection of all 
parallel chords of a circle is a straight line. 

Ex. 2. Shew that no parallelogram, except those which are 
rectangular, can be inscribed in a circle. j 
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Proposition V. Theorem. 
If two circles cut (me another, they cannot have the sarae centre. 




If it be possible, let be the common centre of the © s 
ABCy ADC, which cut one another in the pts. A and C, 

Join OA, and draw OEF meeting the © s in ^ and F. 
Then •/ is the centre of ABC, 

.\OE=OA; I. Def. 13. 

and •.• is the centre of © ADC, 

.-. OF^ OA ; I. Def. 13. 

.'. 0E= OF, which is impossible ; 
.% is not the common centre. 

Q. E. D. 

Ex. Two circles, whose centres are A and B, intersect in 
C ; through C two chords DCE, FCG are drawn equally in- 
clined to AB and terminated by the circles : prove that DE 
and FG are equal. 

Note. Circles which have the same centre are called Con- 
centric, 



I 
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Note "L On the Contact of Oirdes. 

Def. VIL Circles are said to teach each other, which meet 
but do not cut each other. 

One circle is said to touch another intemaUy, when one 
point of the circumference of the former lies on, and no point 
without, the circumference of the other. 

Hence for internal contact one circle must be smaller than 
the other. 

Two circles are said to touch externally, when one point of 
the circumference of the one lies on, and no point vnthin the 
circumference of the other. 

N.B. No restriction is placed by these definitions on the 
number of points of contact^ and it is not till we reach Prop. 
XIII. that we prove that therp can be hut one point of contact. 
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Proposition VI. Theorem. 

If one cvrde touch another internally, they cannot have the 
scmie centre. 




Let © ADE touch © -450 internally, 

and let J. be a point of contact. 
Then some point E in the Oce ADE lies within © ABC. 

Def. 7. 
If it be possible, let be the common centre of the two © s. 
Join OA, and draw DEC, meeting the Oces in j& and G. 
Then •/ is the the centre of © ABC, 

.\OA=OC; I. Def. 13. 

and •/ is the centre of © ADE, 

.\OA==OE. I. Def. 13. 

Hence 0E= 00, which is impossible ; 

»*. is not the common centre of the two © s. 

Q. E. D. 



w 



I30 



EUCLID'S ELEMENTS. 



[Book m. 



Proposition YII. Theorem. 

If from any point wUhin a cirde, which, is not (he centre, 
itra/ight lines be drawn to ike drcfwmferefnce, (he greatest of these 
lines is that which passes through the centre. 




Let ABC be a , of which is the centre. 

From P, any pt. within the © , draw the st. line PA, pass- 
ing through and meeting the OcemA. 

Then must FA he greater than any other st Une, 
' ' dravmfrom F to the Oce. 

For let FB be any other st line, drawn from F to meet the 
Oce in J$, and join BO. 

Then •/ AO=BO, 

.-. u4P=sum of BO and OF. 
Bat the sum of £0 and OP is greater than BF, I. 20. 

and .*. AF is greater than BF. q. e. d. 

Ex. 1. If AF be produced to meet the circumference in 
D, shew that FD is less than any other straight line that can 
be drawn from P to the circumference. 

Ex. 2. Shew that FB continually decreases, as B passes 
from AtoD. 

3. Shew that two straight lines, but not three, that shall 
can be drawn from P to the circumference. 
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Proposition VIIL Theorem. 

If from, any point vriihout a circle straight lines he dravm to 
the circumference, the least of these lines is that which, when pro- 
ducedy passes through the cerUre, and the greatest is that which 
passes through the centre. 




Let ABC be a 0, of which is the centre. 
From P any pt. outside the ©, draw the st. line PAOC^ 
meeting the Oce in A and 0. 

T%en must FA he less, and PC greater, than any other st, line 

d/rawnfrom P to the Oce. 

• 

For let PB be any other st. line drawn from P to meet the 
Oce in J9, and join BO. 
Then '.* smn of PB and BO is greater than OP, I. 20. 

.". sum of PB and BO is greater than sum of AP and AO. 

Bat BO^AO; 

.'. PB is greater than AP. 
Again %* PB is less than the sum of PO, OB, 
/. PB ia less than the sum of 'PO, 00 ; 
.-. PB is less than PC. 

Ex. 1. Shew that PB continually increases as B passes 
from J, to O. 

Ex. 2. Shew that from P two straight lines, but not three, 
that shall be equal, can be drawn to the circumference. 

Note. From Props, vii. and viii. we deduce the following 
CJorollary, which we shall use in the proof of Props, xi. and xiii. 

Cor. If c point he taken, within or without a circle, of dl 
f^ai^ Unes dravm from it to the circumfertnc/t^ tkc gxwjle&t -v* 
A^ iduxi tneets the eircumfennce afi&r possing.tKr ougTb llie c«atT^ 



1.20. 



Q. E. D. 



i... 
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Proposition IX. Theorem. 

If a point he taken within a cvrcUy from which there fall n 
than two equal straight lines to the cvrcumference, that poin 
the centre of the circle. 




Let be a pt. in the © ABC from which more than twc 
lines OA, OB, 00, drawn to the Oce, are equal. 

Then must he the centre of the © . 

Join AB, BCy and draw OD, OJ^ ± to AB, BO. 
Then •.' OA = OB, and OD is common, 
in the right-angled as AOD, BOD, 

.'. AD=DB ; I. E. Cor. p. 

.*. the centre of the © is in DO. II] 

Similarly it may be shown that 

the centre of the © is EG ; 
/. is the centre of the ® , 

Q^E, I 



/ 



J 
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Proposition X. Theorem. 

Two circles cannot have more than two points common to 
hothy without coinciding entirely. 




If it be possible, let ABC and ABE be two © s which have 
more than two pts. in common, as JL, B^ C, 

Join AB, BG. 

Then *.• AB is a chord of each circle, 

/. the centre of each circle lies in the straight line, which 
bisects AB at right angles ; III. 1. 

and •.• BC is a chord of each circle, 

.*. the centre of each circle lies in the straight line, which 
bisects BG at right angles. III. 1. 

.'. the centre of each circle is the point, in which the two 
straight lines, which bisect AB and BG at right angles, meet. 

.-. the ©s ABGj ADE have a common centre, which is 
impossible ; III. 5 and 6. 

.". two ©s cannot have more than two pts. common to both. 

Q. E. D. 

Note. We here insert two Propositions, Eucl. iii. 25 and 
IV. 5, which are closely connected with Theorems i. and x. of 
this book. The learner should compare mth thla '^o^^y'OTl <il 
the subject the note on Loci, p. 103. 
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Proposition A. Problem. (EucL hi. 25.) 

An a/rc of a circle being given, to complete the circle of which 
it is a part. 




Let ABC be the given arc. 

It is required to complete the © of which ABC is a pa/rt 

Take jB, any pt. in arc ABC, and join AB, BC. 

From D and E, the middle pts. of AB and J50, 

draw DO, EG, ± s to AB, BC, meeting in O. 

Then '.' AB is to be a chord of the 0, 

.*. centre of the © lies in DO ; III. 1. 

and *.' BC is to be a chord of the © , 

.', centre of the © lies in EO, III. 1. 

Hence is the centre of the © of which ABC is an arc, 
and if a © be described, with centre and radius OA, this 
will be the © required. 

Q. E. P. 
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Proposition B. Problem. (EucL rv. 5.) 
To describe a circle ahovJb a given triangle. 




Let ABC be the given A . 

It is required to describe a © about. the A. 

From D and B, the middle pts. of AB and AC, draw DO, 
EOy X s to ui^, J.0, and let them meet in 0. 

Then •/ AB is to be a chord of the ©, 

/. centre of the © lies in DO, III. 1. 

And •.' AG is to be a chord of the ©, 

.*. centre of the © lies in EO, III. 1. 

Hence is the centre of the © which can be described 
about the A , and if a © be described with centre and radius 
OA, this will be the © required. 

Q. E. F. 

Ex. If BAG be a right angle, show that will coincide 
•with the middle point of BG, 
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Proposition XI. Theorem. 

If one circle touch another internally at any point, the 
centre of the interior ci/rcle must lie in that radius of the 
other circle which passes through that point of contact. 




Let the © ADE touch the © ABC internally, and let A be 
a pt. of contact. 

Find the centre of ® ABG^ and join OA, 

Then must the centre of © ADE lie in the radius OA. 

For if not, let P be the centre of © ADE. 

Join OF, and produce it to meet the Oces in 2> and B. 

Then •.' P is the centre of © ADE, and from are drawn 
to the Oce of ADE the st. lines OA, OD, of which OD passes 
through P, 

.*. OD is greater than OA. III. 8, Cor. 

But OA = OB; 

.'. OD is greater than OB, 

which is impossible. 

.*. the centre of © ADE is not out of the radiu^ OA. 

.'. it lies in OA. 

Q. E. D. 
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Proposition XII. Theorem. 



If two circles tbuch one another externally at any point, the 
straight line joining the centre of one with that point of contact 
must when produced pass ihrov^h the centre of the other. 




Let ® ABC touch © ADE externally at the pt A. 
Let be the centre of © ABC. 
Join OAy and produce it to E. 

Then must the centre of © ADE lie in AE. 

For if not, let P be the centre of © ADE. 

Join OP meeting the © s in jB, i) ; and join AP. 
Then •/ 0B= OA, 
and PD=AP, 

.•. OB and PD together = OA and AP together ; 
.'. OP is not less than OA and AP together. 
But OP is less than OA and AP together, I. £0. 

whicb is impossible^ 

.*. the centre of © ADE cannot He out of AE. 

- ^ ^Q. E. D. 

Ex. Three circles touch one another externally, whose 
centres are Ay B, C. Shew that the difference between AB 
and AC IB half as great as the difference between the dYa.\s\<i^^'^ 
of ihe circles!, whose centres are B and C 
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Proposition XIII. Theorem. 

Ont circle cannot touch anoiker at more points than one, 
whether it touch it internaMy or exterwuly. 

First let the © A T)E touch the © A BO interruiUy at pt. A, 
Then there can be no other poM ofconi<bci. 




Take the centre of © ABO 
Then P, the centre of © ADE, lies in OA, III. 11. 

Take any pt. E in the Qce of the © ADE, and join OE, 
Then *.• from 0, a pt. within or without the © ADE, two 

lines OA, OE are drawn to the Qce, of which OA passes 

through the centre P, 

.-. OA is greater than OE, III. 8, Cor. 

and .'. ^ is a point within the © ABO. Post. 

Similarly it may be shewn that every pt of the Qce of the 
© ABE, except A, lies within the © ABO ; 

,\ Ah the only, point at which the ©s meet. 
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Next, let the © s ABG^ ADE touch externally at the pt. A. 
Then there can be no other point of contact. 




Take the centre of the © ABC. 

Then P, the centre of the © ADE, lies in OA produced. 

III. 12. 

Take any pt. D in the Qce of the © ADE, and join OD. 

Then '.* from 0, a pt. without the © ADE, two lines OA, 
OD are drawn to the Qce, of which OA when produced passes 
through the centre P, 

.*. OD is greater than OA ; III. 8. 

/. J> is a point mthout the © ABC, Post. 

Similarly, it may be shewn that every pt. of the Qce of 
ADE, except A, lies without the © ABC ; 

.'.Ala the only point at which the ©s meet. 

Q. E. D. 

Dbf. VIII. The DISTANCE of a chord from the centre is 
aosured by the length of the perpendicular drawn from the 
ike to the chord. 



y 
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Proposition XIV. Theorem, 

Equal chords in a circle are equally distant from the centre ; 
and conversely, those which are equally distant from the centre, 
a/re equal to one another. 




Let the chords AB, CD in the © ABDC be equal 

Th&a must AB and CD he equally distant from the centre 0. 

Draw OP andO© ± to AB and CD ; and join AO, CO, 
Then P and Q are the middle pts. of AB and CD : III. 3. 

and •.• AB= CD, /. AP=^ CQ. 
Then •.• AP=CQy and AO=CO, 
in the right-angled as AOP, COQ, 

.-. OP=OQ; LK.Cor. p. 43. 

and .*. AB and CD are equally distant from 0. Def. 8. 

Next, let AB and CD be equally distant from 0. 

Then must AB^CD, 

For •.• OP=OQ, and AO=CO, 
in the right-angled as AOP, COQ^ 

.-. AP=CQ, L I. E. Cor. 

md/.AB=CD. 

Q. E. D. 

Ex. In a circle, whose diameter is 10 inches, a chord is 
drawn, which is 8 inches long. If another chord be drawn, a* 
a distance of 3 inches from the centre, shew whcthc r it is equal 
* to the former. 
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Proposition XV. Theorem. 

I%€ diameter is the greatest chord in a circle, and of all others 
that wJdch is nea/rer to the centre is always greater than one 
more remote ; and the greater is nearer to the centre than the 
less. 




Let AB be a diameter of the © ABDCy whose centre is 0, 
and let CD be any other chord, not a diameter, in the ©, 
nearer to the centre than the chord EF, 

Then must 4kMM greater than CD, and CD greater than EF, 
Draw <^" 'V to CD and EF \ and join 00, OD, OE. 

\- AO=CO, and OB^OD, I. Def. 13. 
.-. ^5= sum of CO and OD, 
and .-. AB is greater than CD, I. 20. 

Again, ••• CD is nearer to the centre than EF, 

.-. OP is less than OQ, Def. 8. 

Now ••• sq. on 00= sq. on OE, 
,\ sum of sqq. on OP, P0= sum of sqq. on OQ, QE, I. 47. 
But sq. on OP is less than sq. on OQ ; 
.'. sq. on PC is greater than sq. on QE ; 
.'. PC is greater than QE ; 
and .*. CD is greater than EF, 

Next, let CD be greater "than EF, 

Then must CD he nearer to the centre than EF, 

For •." OD is greater than EF, 

.', PC is greater than QE. 
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Now the sum of sqq. on OF, PO=sum of sqq. on OQ, QE. 
But sq. on FG is greater than sq. on QE ; 
/. sq. on OF is less than sq. on OQ ; 
/. OF is less than OQ ; ' 
and .'. CD is nearer to the centre than EF. 

Q. E. D. 

Ex. 1. Draw a chord of given length in a given circle, which 
shall be bisected by a given chord. 

Ex. 2. If two isosceles triangles be of equal altitude, and 
the sides of one be equal to the sides of the other, shew that 
their bases must be equal 

Ex. 3. Any two chords of a circle, which cut a diameter in 
the same point and at equal angles, are equal to one another. 

Def. IX. A straight line is said to he a Tangent to, or to 
touch, a circle, when it meets and, being produced, does not cfui 
ihe circle. 

From this definition it follows that the tangent meets the 
circle in one point only, for if it met the circle in two points 
it would cut the circle, since the line joining two points in the 
circumference is, being produced, a secant. (III. 2.) . 

Def. X. If from any point in a circle a line be drawn at 
right angles to the tangent at that point, the line is called a 
Normal to the circle at that point. 

Def. XL A rectilinear figure is said to be described abovi a 
circle, when each sid^ of tbe figure touches the circle. 




/ 



Ajid the circle is said to be inscribed in the figure. 
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Proposition XVI. Theorem. 

The stra/ight line drawn at right angles to the diameter of a 
circle, from the extremity of U, is a tangent to the circle. 




Let ABC be a ©, of which the centre is 0, and the diameter 
AOB. 

Through B draw DE at right angles to AOB. I. 11. 

Then must DE he a tangent to (he®. 

Take any point P in DE, and join OF. 

Then, *.' z OBP is a right angle, 

.*. z OPB is less than a right angle, 1. 17. 

and .*. OP is greater than OB. I. 19. 

Hence P is a point without the © ABC. Post. 

In the same way it may be shewn that every point in DE, 
: DE produced in either direction, except the point P, lies 
ithoiit the © ; 

Def. 9. 



.*. DE is a tangent to the © . 



Q. s. D. 
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Proposition XVIL Probleil 

To draw a straight line from a given point, either without 
or o^ the circumference, which shall touch a given cvrde. 




Let A be the given pt., without the © BCD. 
Take the centre of © BCD, and join OA, 
Bisect OA in E, and with centre jE and radius' .EO describe 
® ABOD, cutting the. given ® in jB and D. 

Join ABy AD. These are tangmts to the © BCD, 

^ Join BO, BE. 

Then •/ OE-^BE, /. /0BE= l BOE ; L a. 

/. L AEB==twice l O'BE ; I. 32. 

and •/ AE=BE, .'. l ABE^ l BAE ; I. a. 

.-. L OEB ^fwice l ABE ; I. 32. 

.-. sum ofzs AEB, OEB==twice sum ofzs OBE, ABE, 

that is, two right angles = twice z OB A ; 

.'. L OB A is a right angle, 
and .'. AB is a tangent to the © BCD. IIL. 16. 
Similariy it may be shewn that AD is a tangent to © BCD. 
Next, let the given pt. be ori the Qce of the ©, as jB. 
Then, if BA be drawn ± to the radius OB, 

BA is a tangent to the © at B. lU. 16. 

Q. E. D. 

Ex. 1. Shew that the two tangents, drawn from a point with- 
out the circumference to a circle, are equal. 

Ex. 2. If a quadrilateral ABCD be described about a circle, 
■^ that the sum of AB and CD is equal to the sum of AD 
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Proposition XVI.II. Theorrm. 

Ij a straight line touch a circle^ the straight line drawn frorni 
the centre to the point of contact must be perpendicula/r to the 
line touching the circle. 




Let the st. line DE touch the © ABC in the pt. C, 
Find the centre, and join OG, 

Then must OC he ± to BE. 

"Far if it be not, draw OBF± to DE, meeting the Oce in 5. 

Then •/ z OFC is a rt. angle, 

.'. I OCF is less than a rt. angle, I. 17. 

and /. OC is greater than OF, I. 19. 

But 00= OB, 

.*. OB is greater than OF, which is impossible ; 

.'. OF is not _L to DE, and in the same way it may be 
9hewn that no other line drawn from 0, but OC, is x to DE ; 

.\ OC ia 1. to DE. 

Q. E. D. 

Ex. If two straight lines intersect, the centres of all circles 
ouched by both lines lie in two lines at right angles to each 
ther. 

Note. Prop, xviii. might be stated thus : — All radii of a 
Wde cure normals to (he circle at the points where they vfuet the 
'rcu/mference. 
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Proposition XIX. Theorem. 

If a straight line touch a circle, and from the point of con- 
tact a straight line be drawn at right angles to the Umching line, 
the centre of the circle must he in thai line. 




Let the st. line BE touch the © ABC at the pt. C, and 
from C let CA be drawnx to BE, 

Then must the centre of the © he in CA. 

For if not, let F be the centre, and join FG. 

Then *.• BCE touches the ©, and FC\b drawn from centre 
to pt. of contact, 

.-. L FCE is a rt. angle. III. 18. 

But I AGE is a rt. angle. 

.*. z FGE = z AGE, which is impossible. 

In the same way it may be shewn that no pt. out of CA 
can be the centre of the © ; 

.*. the centre of the © lies in CA. 

Q. E. D. 

Ex. Two concentric circles being described, if a chord of 
the greater touch the less, the parts of the chord, intercepted 
between the two circles, are equal. 

Note. Prop. xix. might be stated thus i^Every normal to 
a circle passes through the cmtre. 



PROPOSITION XX. 



Proposition XX, Theorem. 



Thi angle at ifte centre of a drck is double of the angle a 
eiTeumifertnct, subtended by ike some arc. 



the 

Let ABC be a , O tbe centre, 
BG any axe, A any pt. in the Oce. 
Tkm mutt L BOC=tti>ke l BAG. 

e of the lines containing the 




Then ■.■ OA = OC, 

.•.i.OCA = i.OAC; 

.'. sum of i 8 OCA, OAC -= twice i OAO. 

But i BOG = Bum of i s OGA, OA V, 

.: i BOO = twice i. OAC. 

that ia, z BOO = twice i. BAG. 
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Next, suppose to be within (fig 1), or without (fig. 2) the 
lBAG, 




Join AOy and produce it to meet the Oce in i>. 

Then, as in the first case, 

L COD ^ twice I CAD, 

and i BOD = twice z BAD ; 

/., fig. 1, sum of z s CODy BOD « twice sum of z s CAD, 
BAD, 

that is, z BOC « twice z BAC 

And, fig. 2, difference of z s COD, BOD = twice diflterence 
of z 3 CAD, BAD, that is, z 50C « twice z 5^0. 

Q. E. D. 

Ex. 1. The centre of the circle CBED is on the circum- 
ference of ABD, If from any point A the lines ABC and 
AED be drawn to cut the circles, the chord BE is parallel to 
CD, 



Ex. 2. From any point in a straight line, touching a circle^ 
a straight line is drawn through the centre, and is terrainateJ 
by the circumference ; the angle between these two straight 
lines is bisected by a straight line, which intersects the straighi 
line joining their extremities. Shew that the angle between 
the last two lines is half a right angle. 



Book raj NOTE IL 149 

Note 2. On Flat and Beflex Angles, 

We have already explained (Note • 3, Book L, p. 28) how 
Euclid's definition of an angle may be extended with advan- 
tage, so as to include the conception of an angle equal to two 
right angles : and we now proceed to shew how the Definition 
given in that Note may be extended^ so as to embrace angles 
greater than two right angles. 




Let WQ be a straight line, and QE its continuation. 

Then, by the Definition, the angle made by WQ and QE, 
which we propose to call a Flat Angle, is equal to two right 
angles. 

Now suppose QP to be a straight line, which revolves about 
the fixed point (J, and which at first coincides with QE. 

When QPy revolving from right to left, coincides with QW, 
it has described an angle equal to two right angles. 

When QP has continued its revolution, so as to come into 
the position indicated in the diagram, it has described an 
angle EQP, indicated by the dotted line, greater than two 
right angles, and this we call a Keflex Angle. 

To assist the learner, we shall mark these angles with dotted 
'* es in the diagrams. 

Admitting the existence of angles, equal to and greater than 
o right angles, the Proposition last proved may be extended, 
we now pjoceed to shew. 
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Proposition C. Theorem. 

Th^ angle, not less than two right angles, aJt ike centre of a 
circle is double of the angle aJt the cvrcvmfermce, subtended by 
the same wrc. 



Pig. 1. 



Fig. 2. 





In the ACBD, let the angles AOB (not less than two 
right angles) at the centre, and ADB at the circumference, be 
subtended by the same arc ACE. 

Then must L AOB— twice L ADB. 

Join DO, and produce it to meet the arc ACB in C, 

Then v i AOC:= twice i ADO, III. 20. 

and z BOC= twice i BDO, III. 20. 

/. sum of z s AOC, 500= twice sum of z s ADO, BDO, 

that is, z ^05= twice z ADB, 

Q. B. D. 

Note. In fig. 1, z ^05 is drawn a flat angle, 

and in fig. 2, z AOB is drawn a reflex angle. 

Def. XII. The angle in a segment is the angle contained by 
two straight lines drawn from any point in the arc to the ex- 
"emities of the chord. 
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Proposition XXL Theorem. 

• The. angles in the same segment of a circle a/re equal to one 
another. 




tiet BAC, BDC be angles in the same segment BADC. 

Then must iBAC= /. BDC, 
First, when segment BADC is greater than a semicircle. 

From 0, the centre, draw OB, 00, (Fig. 1.) 

Then, '.• l 500=twice z BAC, III. 20. 

and z 500=twice z BDC, III. 20. 

.-. z BAC=^ L BDC. 
Next, when segment BADC is less than a semicircle, 

Let B be the pt. of intersection of AC, DB. (Fig. 2.) 
Then •. • z ABE= z DOE, by the first case, 

and z BEA= z CED, I. 15. 

.-. z EAB=^ z EDO, I. 32. 

that is, z BAC— z jBDC q. e. d. 

Ex. 1. ' ;ew that, by assuming the possibility of an angle 
being gr \ )r than two right angles, both the cases of this 
propositio » nay be included in one. 

Ex. 2. Il two straight lines, whose extremities are in the 
circumferen'' ? of a circle, cut one another, the triangles formed 
by joining it eir extremities are equiangular to each other. 
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Proposition XXII. Theorem. 

Tkt opposite angles of any quadrilateral figure, inscribed in 
a drch, are together equal to two right angles. 




Let ABCD be a quadrilateral fig. inscribed in a . 

Then must each pair of its opposite ls he together equal to 
two rt. L s. 

Draw the diagonals AQ, BD. 

Then *.* z ADB= l ACB, in the same segment, III. 21. 

and z BDC= z BAC, in the same segment ; III. 21. 

.-. sum of z s ADB, BDC=Bxim of z s ACB, BAC ; 

that is, z ^DO=sum of z s ACB, BAG. 

Add to each z ABC, 

Thenzs ADC, ABC together = sum ofzs ACB, BAG, 
ABC; 

and .*. z s ADC, ABC together=two right z s. I. S'2. 

Similarly, it may be shewn, 

that z s BAD, BCD together = two right z s. 

Q. E. D. 

Note. — Another method of proving this proposition is given 
^1 page 1 77, 



BmA m.] PROPOSITION XXIL 153 

Ex. 1. K one side of a quadrilateral figure inscribed in a 
circle be produced, the exterior angle is equal to the opposite 
angle of the quadrilateral 

Ex. 2. If the sides AB^ DG of a quadrilateral inscribed in 
a circle be produced to meet in E, then the triangles EBC, 
EAD will be equiangular. 

Ex. 3. Shew that a circle cannot be described about a 
rhombus. 

Ex. 4. The lines, bisecting any angle of a quadrilateral figure 
iiucribed in a circle and the opposite exterior angle, meet in 
the circumference of the circle. 

Ex. 5. ABy a chord of a circle, is the base of an isosceles 
triangle, whose vertex C is without the circle, and whose 
equal sides meet the circle in Dy E : shew that CD is equal 
to OS. 

Ex. 6. If in any quadrilateral the opposite angles be to- 
gether equal to two right angles, a circle may be described 
about that quadrilateral 

Propositions xxiii. and zxiv., not being required in the 
method adopted for proving the subsequent Propositions in 
this book, are removed to the Appendix. Proposition xxv. 
has been already proved. 



Note 3. On the Method of Superposition , cts applied 

to Ovrdes, 

In Props. XXVI. xxyii. xxvni. xxix. we prove certain 
Klations existing between chords, arcs, and angles in equal 
circles. As we shall employ the Method of Superposition, we 
must state the principles which render this method appli- 
cable, as a test of equality, in the case of figures with ckcidw 
es. 
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Def. XIII..j&gu(iZ m'chs are those^ of which, (he radii a/re 
equal. 





For suppose ABC, A'BC to be circles, of which the radii 
are equal. 

Then if © A'B^U be applied to © ABC, so that (7, the 
centre of A'B'C, coincides with 0, the centre of ABCy it is 
evident that B,nj particulaAr point -4' in the Qce of the former 
must coincide with some point -4 in Qce of the latter, because 
of the equality of the radii (XA^ and OA, 

Hence Qce A'B!C must coincide with Qce ABC, 
thatis, ©^'5'C=©^^0. 

Further, when we have applied the circle A'B'C to the 
circle ABC, so that the centres coincide, we may imagine ABC 
to remain fixed, while A'B'C revolves round the common 
centre. Hence we may suppose any particular point B' in the 
circumference of A'B'C to be made to coincide with any par- 
ticular point B in the circumference of A3C, 

Again, any radius OA! of the circle A'B'C may be made to 
coincide with any radius OA of the circle ABC 

Also, if A'B' and AB be equal arcs, they may be made to 
coincide. 

Again, every diameter of a circle divides the circle into 
equal segments. 

For let AOB be a diameter of the 
circle A CBD, of which is the centre. 
Suppose the segment ACB to be ap- • 
plied to the segment ADB, so as to 
keep AB a common boundary : then 
the arc ACB must coincide with the 
arc ADB, because every point in 

h js equally distant from 0. 
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Proposition XXVI. Theorem. 

In equal circles, the arcs, which subtend equal angles, whether 
'hey he ai the centres or al the circumferences, mv^t be equal. 





Let ABC, BEF be equal circles, and let z s BGC, EHF at 
their centres, and z s BAC, EDF at their Qces, be equal. 

Then must arc BKC=arc ELF. 

For, if © ABC be applied to © DEF, 

so that G coincides*with H, and GB falls on HE, 

then, •.• GB^HE, .\ B wiU coincide with E. 
And •.• z BGC= z EHF, .-. GG wiU fall on HF ; 

and •.• GC=HF, .'. C will coincide with F. 
Then •.* B coincides with E and C with ^, 
. •. arc BKC will coincide with and be equal to arc ELF. 

Q. E. D. 

CoR. Sector BGCK is equal to sector EHFL. 

Note. This and the three following Propositions are, and 
will hereafter be assumed to be, trae for ihe same circle as well 
as for equal ci/rcles. 
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Proposition XXVII. Theorem. 

In equal circles, the angles, which are subtended by equal cvrcs, 
whether they are at the centres or aJtthe cvrcfwmferen^oes, musi he 
equal. 





Ia 

Let ABC, BEF be equal circles, and let i s BGC, EHF at 
their centres, and z s BAC, EDF at their OQ&&, be subtended 
by equal arcs BKC, ELF, 

Then must L BGC= l EHF, amdiBAC^i EDF, 

For, if © ABC be applied to © DEF, 
so that G coincides with H, and GB falls on HE, 
then •/ GB^HE, ,\ B will coincide with E ; 
and •.• arc J5^(7=arc ELF, ,', C will coincide with F, 
Hence, GG will coincide with HF, 
Then •.* BG coincides with EH, and GG with JBTjP', 

.*. z BGC wiU coincide with and be equal to z EHF, 
Again, •/ z BAC^UU of z BGC, III. 20. 

and z EDF^halt of z EHF, III. 20. 

.-. z BAC= z J&DJ*. I. Ax. 7. 

Q. E. D. 

Ex. 1. If, in a circle, AB, CD be two arcs of given magni- 
tude, and AC, BD be joined to meet in E, shew that the angle 
AEB is invariable. 

Ex. 2. The straight lines joining the extremities of the 
chords of two equal arcs of the same circle, towards the same 
parts, are parallel to each other. 
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Proposition XXVIII. THEOMiM. 

In equal cirdeSf the arcsy which are svbtended by equal 
chords, must be equal, the greater to the greater, and the less to 
(he less. 





Let ABC, DEF be equal circles, and BC, EF equal chords, 
subtending the major arcs BAC, EDF, 

and the minor arcs BOG, EHF, 

Then must arc BAG=^a/rc EDF, and arc BGO^ arc EEF. 

Take the cejitres K, L, and join KB, KG, LE, LF, 
Then v KB^LE, and KC^LF, and BG^EF, 

,\iBKG^lELF, La 

Hence, if © ABG be applied to © DEF, 
80 that K coincides with L, and KB falls on LE, 
then •/ 1 BKG « i ELF, ,\ KG will feU on LF ; 
and •/ KG = LF, /. G will coincide with F, 
Then •/ B coincides with E, and with F, 
.*. arc BAG will coincide with and be equal to arc EDF, 
and arc JB(?a. EHF, 

Q. E. D. 

Ex. 1. If, in a circle ABGD, the chord AB be equal to the 
chord DG, AD must be parallel to BG. 

Ex 2. If a straight line, drawn from A the middle point 
ef an arc BG, touch the circle, shew that it is parallel to the 
chord BG. 

Ex 3. If two equal chords, in a given circle, cut one an- 
other, the segments of the one shall be equal to the segments 
of the other, each to each. 
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Proposition XXIX. Theorem. 

In equal circles, the chords, which stibtend equal arcs, Ttmsi 
he equal. 





Let ABC, DEF be equal circles, and let BC, EF be chords 
subtending the equal arcs BGC, EHF. 

Then must chord BC = chord EF. 

Take the centres K, L. 

Then, if © ABC be applied to © DEF, 

so that K coincides with L, and B with E, 

and arc BGC falls on arc EHF, 

V arc jBGfC=arc EHF, .'. C will coincide with F. 

Then •.' B coincides with E and C with F, 

.•. chord BC must coindde with and be equal to chord EF. 

Q. £. D. 



Ex. 1. The two straight lines in a circle, which join the 
extremities of two parallel chords, are equal to one another. 

Ex. 2. If three equal chords of a circle, cut one another in 
the same point* within the circle, that point is the centre. 



Bookm.] 



NOTE 4. 



159 



Note 4. (M ^ Symmei/rical properties of the Circle with 

regard to its diameter. 

The brief remarks on Symmetry in pp. 107, 108 may now 
be extended in the following way : 

A figvre is said to be symmetrical with regard to a line, 
when every perpendicular to the line meets the figure at 
points which are equidistant from the line. 

Hence a Circle is Symmetrical with regard to its Diameter, 
because the diameter bisects every chord, to which it is per- 
pendicular. 




Farther, suppose AB to be a diameter of the circle 
ACBDy of which is the centre, and CD to be a chord 
perpendicular to AB» 

Then, if lines be drawn as in the diagram, we know that 
AB bisects 

(1.) The chord CBy III. 1. 

(2.) The arcs GAB and CBD, III. 26. 

(3.) The angles CAB, COB, CBB, and the reflex 
mn^e BOC. I. 4. 

Also, chord CB = chord BB, I. 4. 

and chord -4.0= chord AB. I. 4. 

These Symmetrical relations should be carefully observed, 
beeaose they are often suggestive of methods for the solution 
of problems. 
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Proposition XXX. Problem. 
To bisect a given cure 




J> a 

Let ABG be the given aro. 

It is reqmred to bisect (he are ABC, 

Join AGy and bisect the chord ACm D, X. 10. 
From2>draw2>5xto-4C. 111. 

Then vnU the cure ABC he bisected in B, 

Join BA, BC. 

Then, in as ADB, CDB, 

V AD^ CD, and DB is common, and i ADB ■■ i CDB, 

.'. BA^BC. L 4. 

But, in the same circle, the arcs, which are subtended by 
equal chords, are equal, the greater to the greater and the 
less to the less ; III. 28. 

and *.* BDy if produced, is a diameter, 

/• each of the arcs BA, BC, is less than a semioirGle, 

and .*. arc £J.sarc BC, 

Thus the arc ABC is bisected in B, 

q.]L V. 

Etc. If, from any point in the diameter of a semicircley 

there be drawn two straight lines to the drcumferenoe, one 

to the bisection of the circumference, and the other at right 

'■*icrles to the diameter, the squares on th6se two lines are 

Ser double of the square on the radius. 
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Proposition XXXI. Theorem. 

In a c^cU^ the angle in a semicircle is a right angle ; and 
ih wngle in a segment greater than a semicircle is less than a 
right angle ; and the angle in a segment less tha/n a semidrde 
is greakr than a right angle. 




I^t ABC be a , its centre, and BC a diameter. 

I)raw AG, dividing the © into the segments ABC, ADC, 
Join BA, AD, DC, AO, 

^%«i fMist the L in the semicircle BAC he a rt.i , and l in 
^^pfwrU ABC, greater than a semid/rcle, less than art, i , and l 
w Mj/mewf ADC, less than a semicircle^ greater thorn, art. i , 

First, ••• BO^AO, .'. l BAO^ l ABO ; I. a. 

.-. z COA «twice z BAG ; I. 32. 

and •.' CG^AG, .: z CAG== i ACG; I. a. 

.\jlBGA==^ twice /^CAG; I. 32. 

•'. sum of z 8 CGA, BGA^twioe sum of z s BAG, CAG, that 
h two right angles = twice z BAC. 

.'. L BACia a right angle. 
Next, '.' z BAC is a rt. z , 
.*. z ABC is less than a rt. z . I. 17. 

Lastly, •.' sum of z s ABC, ADC= two rt. z s, III. 22. 
and z ABC is less than a rt. z , 
.-. z ADC is greater than a rt. £ . <\. ^.. \i. 
NoTBL-«^or a simpler proof see page 17^. 

12 
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Proposition XXXIII. Problem. 
On a gwm straight line to describe a segmmt of a drclc 
capable of ccmtaimng an angle equal to a given angle, 

jl 





Let AB be the given st line, and C the given z . 
li is requvred to describe on AB a segment of a Q which 
shaU contain an i =^ i C. 

At pt. A in St. line AB make z BAD== z 0. I. 23. 
Draw AE± to AD, and bisect AB in J^. 
From F draw FG± to AB, meeting AE in G. Join GB. 

Then in AS AGF,BGF; 
V AF=BFy and FG is common, and z AFG= z BFG ; 

.-. GA^GB, I. 4. 

With G as centre and GA as radius describe a ABH. 

Then will AHB be the segment reqd. 
For •.' AD \a±to AE, & line passing through the centre, 

.-. AD is a tangent to the © ABH. III. 16.1 

And *.' the chord AB is drawn from the pt. of contact Ay 

.'. L BAD= L in segment AKB, III. 32.1 

that is, the segment AHB contains an z = z 0, 
and it is described on AB, as was reqd. 

Ex. 1. Two circles intersect in A, and through -4 is dr: 
a straight line meeting the circles again in P, Q. Prove 1 
the angle betw^n the tangents at P and ^ is equal to hi 
angle between the tangents at A. 

Ex. 2. From two given points on the same side of a stra W 
line, given in position, draw two straight lines which shall 
tain a given angles and be terminated in the given line. 



Bookm.] 



PROPOSITION XXXIV. 



165 



Proposition XXXIV. Problem. 

To cut off a segment from a given circle, capable of con- 
taining an angle equal to a given angle. 





Let ABC be the given © , and D the given i . 

It is requi/red to cut off from © ABC a segment capahle of 
containing an l = l D. 

Draw the st. line EBF to touch the circle at B, 

At B make l PBC = i D. 

Then v the chord BC is drawn from the pt. of contact B, 

.-. z FBC = z in segment BAC, III. 32. 

that is, the segment BAC contains an z = z 2); 
and .'. a segment has been cut off from the ©, as was reqd. 

Q. E. F. 

Ex. 1. If two circles touch internally at a point, any straight 
V^^e passing through the point will divide the t^ircles into seg- 
i nts, capable of containing equal angles. 

Ex. 2. Given a sida of a triangle, its vertical angle, and the 
lius of the circumscribing circle : construct the triangle. 

Sx. 3. Given the base, vertical angle, and the perpendicular 
' tn the extremity of the base on the opposite side : construct 
triangle. 
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Proposition XXXV. Thjsorem. 
If Udo chords in a circle cut <yne another^ the reeUmgle con- 
tained by the segments of one of them, is equal to the rectangle 
contained by the segments of the other,^ 




Let the chords AG, BD in the © ABCD intersect in the pt. P. 

Then must rect, AF^ PC=rect, BP, PD, 

From 0, the centre, draw OM, ON ± s to AC, BD, 

and join OA, OB, OP. 

Then '.' AOis divided equally in M and tmequaUy in P, 

.•. rect. AP, PC with sq. on MP=asq. on AM. IL 5. 

Adding to each the sq. on MO, 

rect AP, PC with sqq. on MP, MO— sqq. on AM, MO ; 

.". rect. AP, PC with sq. on OP=sq. on OA. I. 47. 
In the same way it may be shewn that 

rect. BP, PD with sq. on OP =sq. on OB. 
Then *.• sq. on 0^=sq. on OB, 
.'. rect. AP, PC with sq. on OP=;rect. BP, PD with sq. 
on OP; 

.-. rect. AP. PO=rect. BP, PD. q. e. d. 

Ex. 1. A and B are fixed points, and two circles are 
described passing through them ; PCQ, P'CQ^ are chords of 
these circles intersecting in 0, a point in AB ; shew that the 
rectangle CP, CQ is equal to the rectangle OP, C(/. 

Ex. 2. If through any point in the common chord of two 
circles, which intersect one another, there be drawn any two 
other chords, one in each circle^ their four extremities shall all 
'n the circumference of a circle. 
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Proposition XXXYI. Thboreu. 

IJy frcm anf poifiit without a evreUf two strad^ lines 

\ drofwnj one of iahich cuts the circU, and ike oiher t&udhes 

; the recttmgie eontavned by the whole Une tchich euts the 

Wde, arid the part of it without the evrcU, mutt he equal to 

W iqnare on the Une which touches iU 




Let D be any pt. without the ABGy 
and let the st. lineB DBA, VG be drawn to cut and touch the . 
Then must rect. AD, DB^sq, on DC, 
From 0, the centre, draw DM bisecting AB in M, 

and join OB, 00, OD. 
Then •/ AB is bisected in M and produced to D, 
/. rect. AD, DB with sq. on MB^sq. on MD. II. 6. 
Adding to each the sq. on MO, 
rect. AD, DB with sqq. on MB, M0=8qq. on MD, MO, 
Now the angles at M and are rt. z s ; III. 3 and 18. 
.'. rect. AD, DB with sq. on OjB=ssq. on OD ; 
/. rect. AD, DB with sq. on OJ5=8qq. on 00, DO. I. 47. 
And sq. on 05=sq. on 00; 
.*. rect. AD, D5=sq. on DC. Q. e. d. 
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Peoposition XXXVII. Thborkm. 

If^ from a point without a cvrcle, there be drawn two straight 
lines, one of which cuts the circle, and the other meets it ; %f 
the rectangle contained by the whole line which cuts the circle, 
and the paH of it without the ci/rcle, be equal to the square on 
the line which meets it, the line whidi meets must tottch the circle. 




Let J. be a pt. without the © BCD, of which is the centre. 
From A let two st. lines ACD, AB be drawn, of which 
ACD cuts the © and AB meets it. 

Then if rect DA, AC^^sq, on AB, AB must touch the ©. 

Draw AE touching the © in ^, and join OB, OA, OE. 

Then '.'ACD cuts the ©, and AE touches it, 

.-. rect. DA, AC=3q, cm AE, III. 36. 

But rect. DA, -40=sq. on AB ; Hyp. 

.*. sq. on ^B=sq. on AE ; 
.-. AB=^AE, 
Then in the a s OAB, OAE, 
'.' OB^OE, and OA is common, and AB=AE, 



.-. z ABO = z AEO. 
But z AEO is a rt. z ; 
.*. z ABO is a rt. z . 
Now BO, if produced, is a diameter of the © ; 

.'. AB touches the © . 



I. c. 
IIL 18. 



III. 16. 

Q. E. D. 
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MiscdUmtous Exercises on Booh III, 

1. The segments, into which a circle is cut by any straight 
line, contain aingles, whose difference is equal to the inclination 
to each other of the straight lines touching the circle at the ex- 
tremities of the straight line which divides the circle. 

2. If firom the point in which a number of circles touch each 
other, a straight line be drawn cutting all the circles, shew 
that the lines which join the points of intersection in each circle 
with its centre will be all parallel 

3. From a point Q in a circle, QN is drawn perpendicular to 
a chord FP^, and QM perpendicular to the tangent at P : shew 
that the triangles NQP^, QPM are equiangular. 

i AB, AC are diords of a circle, and D, E are the middle 
points of their arcs. If DE be joined, shew that it will cut 
off equal parts from AB, AC, 

5. One angle of a quadrilateral figure inscribed in a circle is 
a right angle, and from the centre of the circle perpendiculars 
are drawn to the sides, shew that the sum of their squares is 
®^ual to twice the square of the radius. 

6. -4 is the extremity of the diameter of a circle, any 
point in the diameter. The chord which is bisected at sub- 
tends a greater or less angle at A than any other chord through 
^> according as and A are on the same or opposite sides of 
the centre. 

7. If a straight line in a circle not passing through the centre 
^ bisected by another and this by a third and so on, prove that 
the points of bisection continually approach the centre of the 
circle. 

8. If a circle be described passing through the opposite 
i^Dgles of a parallelogram, and cutting the four sides, and the 
points of intersection be joined so as to form a hexagon, the 
straight lines thus drawn shall be parallel to each other. 

9. If two circles touch each other externally and any third 
<sircle touch both, prove that the difference of the distances of 
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the centre of the third circle from the centree of the other two 
18 invariable. 

10. Draw two concentric drdes, such that those chords of 
the outer circle, which touch the inner, may equal its diameter. 

11. If the sides of a quadrilatefal inscribed in a circle be 
bisected and the middle points of adjacent sides joined, the 
circles described about the triangles thus formed ore all equal 
and all touch the original drcle. 

12. Draw a tangent to a circle which shall be parallell to a 
given finite straight line. 

13. Describe a circle, which shall have a given radius, and 
its centre in a given straight line, and shall also touch anotdiei 
straight line, inclined at ilk given angle to the former. 

14. Find a point in the diameter produced of a given cirde, 
from which, if a tangent be drawn to the circle, it shall be 
equal to a ^ven straight line. 

16. Two equal drcles intersect in the points Ay- B, and 
through B a straight line CBM is drawn cutting them- again in 
C, M. Shew that if with centre C and radius BM a circle be 
described, it will cut the circle ABGin a point L such that arc 
AL'B&TC AB, 

Shew also that LB is the tangent at B. 

16. AB is any chord and AC & tangent to a circle at A ; 
CDE a line cutting the circle in D and E and parallel to AB, 
Shew that the triangle ACD is equiangular to the triangle 
EAB. 

17. Two equal circles cut one another in the points A, B ; 
BG is a chord equal to AB ; shew that AC is a tangent to the 
other circle. 

18. Af B are two points ; with centre B describe a circle, 
such that its tangent from A shall be equal to a given line. 

19. The perpendiculars drawn from the angular points of a 
triangle to the opposite sides pass through the same point 
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20. If perpendiculars be dropped from the angular points of 
a triangle on the opposite sides, shew that the sum of the 
squares on the sides of the triangle is equal to twice the sum of 
the rectangles^ contained by the perpendiculars and that part of 
each intercepted between the angles of the triangles and the 
point of intersection of the perpendiculars. 

21. When two circles intersect, their common chord bisects 
their oommon tangent. 

22. Two circles intersect in A and B, Two points C and D 
are taken on one of the circles ; CA, CB meet the other circle 
m E, F, and DA, DB meet it in G, H: shew that FG is 
parallel to EH, 

23. A and B are fixed points, and two circles are described 
passing through them ; CP, OP are drawn from a point C on 
AB produced, to touch the circles in P, P' ; shew that 

24. From each angular point of a triangle a perpendicular is 
let &11 upon the opposite side ; prove that the rectangles con- 
tained by the Segments, into which fach perpendicular is divided 
by the point of intersection of the three, are equal to each other. 

25. If from a point without a circle two equal straight lines 
be drawn to the circumference and produced, shew that they 
will be at the same distatice from the centre. 

26. Let 0, (y be the centres of two circles which cut each 
other in A, A', Let B, Iff be two points, taken one on each 
circumference. Let C, C^ be the centres of the circles BAR, 
BA'B^, Then prove that the angle CBO is the supplement of 
the angle OAlQf. 

27. The common chord of two circles is produced to any 
point P ; FA touches one of the circles in A ; FBG is any 
chord of the other : shew that the circle which passes through 
A, By C touches the circle to which FA is a tangent. 

28. Given the base of a triangle, the vertical angle, and the 
length of the line drawn from the vertex to the middle point of 
the base : construct the triangle. 
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29. n a circle be described about the triangle ABQ^ and a 
straight line be drawn bisecting the angle "BAG and cutting 
the circle in 2), shew that the angle DCB will be equal to half 
the angle BJ.C 

30. If the line AD bisect the angle A in the triangle ABC^ 
and BD be drawn without the triangle making an angle with 
BG equal to half the angle BAG^ shew that a circle may be 
described about ABGD, 

31. Two equal circles intersect Sn A^B: PQT perpendicular 
to ^B meets it in Tand the circles in P, Q, AP, BQ meet in 
E; AQ, BP in S ; prove that the angle ET8 is bisected by 
TP. 

32. If the angle, contained by any side of a quadrilateral and 
the adjacent side produced, be equal to the opposite angle of 
the quadrilateral, prove that any side of the quadrilateral will 
subtend equal angles at the opposite angles of the quadrilateral. 

33. If DE be drawn parallel to the base BG of a triangle 
ABG, prove that the circles described about the triangles ABG 
and ADE have a common tangent at ^. . 

34. Describe a square equal to the difference of two given 
squares. 

35. If tangents be drawn to a circle from any point without 
it, and a third line be drawn between the point and the centre 
of the circle, touching the circle, the perimeter of the triangle 
formed by the three tangents wiU be the same for all positions 
of the third point of contact. 

36. If on the sides of any triangle as chords, circles be de- 
scribed, of which the segments external to the triangle contain 
angles respectively equal to the angles of a given triangle, those 
circles will intersect in a point. 

37. Prove that if ABG be a triangle inscribed in a circle, 
such that BA'^BGy and AA^ be drawn parallel to BG, meeting 
the circle again in A\ and A^B be joined cutting AG'uiEy BA 
touches the circle described about the triangle AEA\ 

38. Describe a circle, cutting the sides of a given square, so 
that its circumference may be divided at the points of iuter- 

T^on into eight equal arcs. 

\ 
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39. AB is the diameter of a semicircle, T> and E any two 
points on its circumference. Shew that if the chords joining 
A and "B with D and j&, either way, intersect in E and O, the 
tangents at T> and E meet in the middle point of the line EQ^ 
and that EG produced iJs at right angles to AB. 

40. Shew that the square on the tangent drawn from any 
point in the outer of two concentric circles to the inner equals 
the difference of the squares on the tangents, drawn from any 
pointy without both circles, to the circles. 

41. If from a point without a circle, two tangents PT, BT^ 
at right angles to one another, be drawn to touch the circle, 
and if from T any chord TQ be drawn, and from T a perpen- 
dicular TM be dropped on TQ, then TM^QM, 

42. Find the loci : 

(1.) Of the centres of circles passing through two given points. 

(2.) Of the middle points of a system of parallel chords in a 
circle. 

(3.) Of points such that the difference of the distances of each 
from two given straight lines is equal to a given straight line. 

(4.) Of the centres of circles touching a given line in a given 
point. 

(5.) Of the middle points of chords in a circle that pass 
through a given point. 

(6.) Of the centres of circles of given radius which touch a 
given circle. 

(7.) Of the middle points of chords of equal length in a circle. 

(8.) Of the middle points of the straight lines drawn from a 
given point to meet the circumference of a given circle. 

43. If the base and vertical angle of a triangle be given, find 
the locus of the vertex. 

44. A straight line remains parallel to itself while one of its 
extremities describes a circle. What is the locus of the otb 
extremity ? 
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45. A ladder slips down between a vertical wall and a 
horizontal plane : what is the locus of its middle point % 

46. ABG is a line drawn from a point A^ without a circle, 
to meet the circumference in J5 and (7. Tangents are drawn 
to the circle at B and G which meet in 2). What is the locus 
ofD? 

47. The angular points ^, of a parallelogram ABCD move 
on two fixed straight lines OA, 00, whose inclination is equal 
to the angle BOD ; shew that the points B, D will move on 
two fixed straight lines passing through 0. 

48. On the line AB is described the segment of a circle, in 
the circumference of which any point is taken, li AO, BC 
be joined, and a point P taken in -40 so that OP is equal to 
OB, find the locus of P. 

49. Find the locus of the centres of the circles circumscribing 
two trapeziums, into which a^ parallelogram is divided by any 
line equal to one of its shorter sides. 

50. If a parallelogram be described having the diameter of 
a given circle for one of its sides, and the intersection of its- 
diagonals on the circumference, shew that the extremity of 
each of the diagonals moves on the circumference of anothezr 
circle of double the diameter of the first. 

51. One diagonal of a quadrilateral inscribed in a circle i^ 
fixed, and the other of constant length. Shew that the side^ 
will meet, if produced, on the circumferences of two fixed 
circles. 



Book m.] EUCLID S PROOF OF III. 23. 175 



We here insert Euclid'fi proofe of Props. 23, 24 of Book III. 
first observing that he gives the following definition of similar 
segments : — 

Daf. Similar segments of evrdes ore thoss m Ttkick the cmgles 
are equal, or which contam equal cmgles. 



Proposition XXIII. Theorem. 

Upon the same straight line, and upon the same side of it, 
there cannot he two similcvr segments of evrelesy not coinciding 
vnth each other. 




If it be possible, on the same base AB, and on the same side 
9! it, let there be two similar segments of 08, ABC, ABB, 
which do not coindde. 

Beoanse ABB cuts ^ClB in pts. A and B, they cannot 
ent one another in any other pt., and .'. one of the segments 
mnst fall within the other. 

Let ABB fall within ACB. 

Draw the at. line BBG and join CA, BA, 

Then *.* segment ABB is similar to segment ACB, 

.', L ABB^ L ACB, 

Or the extr. x of a ^ athe intr. and opposite i , which is 



•'. the segments cannot but coincide. 

Q. E. D- 



unpossiDle ; 
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TPboposition XXIV. Theorem. 

Simriilar segments of cvrdes, upon equal straight Unes, cure 
equal to one another. 





B Jt! 



Let ABC, BEF be similar segments of ©s on eqoal st. lines 
AB, BE, 

Then must segm>e7U ABC ^segment BEF. 

For if segment ABC be applied to segment BEF, so that 
A may be on Z) and AB on BE, then B will coincide with S, 
and AB with BE ; 

,\ segment ABC must also coincide with segment BEF ; 

III. 23. 

.*. segment -450= segment BEF, Ax. 8. 

Q. E. D. 



We gave one Proposition, C, page 150, as an example of the 
way in which the conceptions of Flat and Reflex Angles may 
be employed to extend and simplify Euclid's proofis. We here 
give the proofs, based on the same conceptions, of the impor- 
tant propositions xxii. and xxxi. 
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Proposition XXII. Theorem. 

Th& opposite angles of any quoAlHlateral figurey inscribed in 
a circUy are together equal to two right a/ngles. 




Let ABCD be a quadrilateral fig. inscribed in a 0. 

Then must each pair of its opposite i s be together equal to 
two rt. 1 8, 

From 0, the centre, draw OB, OD. 

Then •/ i BOD=twice l BAD, III. 20. 

and the reflex i DOB=twice l BCD, III. C. p. 150. 

.*. sum of z s at 0= twice sum of z s BAD, BCD. 
But sum of z s at 0=»4 right z s ; I. 15, Cor. 2. 

.-. twice sum of z s BAD, BCD =4^ right z s ; 
.'. sum of z s BAD, BCD = two right z s. 
Similarly, it may be shewn that 

sum of z s ABC, ADC ^two right z s. 

Q. E. D. 



13 
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Proposition XXXI. Thkorbm. 

In a circle f the angle in a aemioircle is a right angle; and the 
angle in a segment greater than a semicircle is less than a right 
angle; and the angle in a segment less than a semicircle is 
greaier than a right angle. 




Let ABC be a 0, of which is the centre and BC a 
diameter. 

Draw AGf dividing the ® into the segments ABC, ADC. 

Join BA, AD, DC. 

Then must the i in the semicircle BAC be a rt.ij .and z in 
segmevvt ABC, greater than a semdcirde, less than art. i , amd l 
in segm^ent ADC, less than a sefm/icirde, greater than art. c . 

First, •:• the flat angle BOC=twice i BAC, IIL C. p. 150. 

.*. I BAC IB art z . 

Next, •/ I BAC is a rt. ^ , 

.'. I ABC is less than a rt z . I. 17. 

Lastly, •.* sum of z s ABC, ADC^two rt. z s, III. 22. 

and z ABC is less than a rt. z , 

.*. I ADC is greater than a rt z . 

Q. K D. 



BOOK IV. 

INTROIXJCTORY REMARKS. 

Euclid gives in this Book of the Elements a series of 
I^oblems relating to cases in which circles may be described 
in or about triangles, squares, and regular polygons, and of the 
last-mentioned he treats of three only : 

the Pentagon, or figure of 5 sides, 

y, Hexagon, •• 6 



» 



Quindecagon, 



n 



V 



15 



99 



n 



The Student will find it useful to remember the following 
Theorems, which are established and applied in th3 proofs of 
the IQropositions in this Book. 

L The bisectors of the angles of a triangle, square, or 
regular polygon meet in a point, which is the centre of the 
inscribed circle. 

II. The perpendiculars drawn from the middle points of the 
sides of a triangle, square, or regular polygon meet in a point, 
'which is the centre of the circumscribed circle. 

III. In the case of a square, or regular polygon the inscribed 
and circumscribed circles have a common centre. 

IV. If the circumference of a circle be divided into any 
number of equal parts, the chords joining each pair of consecu- 
tive points form a regular figure inscribed in the circle, and the 
tangents drawn through the points form, a regular figure de- 
scribed about the circle. 
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Proposition I. Problem. 

In a gi/oen circle to draw a chord equal to a given straight 
line, which is not greater than the diamder of the circle. 




Let ABC be the given © , and D the given line, not greater 
than the diameter of the . 

It is required to draw in the © ABC a chord=D. 

Draw ECj a diameter of © ABC, 

Then if EC=D, what was required is done. 

But if not, EC is greater than D. From EC cut off EF=^D, 
and with centre E and radius EF describe a © AFB, cutting 
the © ABC in A and B ; and join AE. 

Then, •.* E is the centre of © AFB, 

.'. EA=EF, 

and .-. EA=D. 

Thus a chord EA equal to D has been drawn in © ABC. 

Q. E. F. 

Ex. Draw the diameter of a circle, which shall pass at a 
given distance from a. given point. 
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Proposition II. Problem. 

In a given circle to iviscrihe a triangle, equiangular to a given 
triangle. 




Let ABC be the given © , and DEF the given A . 

It is required to inscribe in © ABC a A, equiangula/r 
to A DBF. 

Draw OAH touching the ABC at the pt. A. III. 17. 

Make i GAB= i DFE, and lB.AC^ L DEF. I. 23. 

Join BC. Then will a ABC be the required A . 

For •.• GAH is a tangent, and AB a chord of the ©, 

.-. iACB=i GAB, III. 32. 

that is, I ACB^ i DFE. 

So also, I ABO^ l HAC, III. 32. 

that is, z ABC= L DEF ; 

.*. remaining l JB^0= remaining l EDF ; 

.'. A ABC is equiangular to A DEF, and it is inscribed in 
the © ABC. 

Q. E. F. 

Ex. If an equilateral triangle be inscribed in a circle, prove 
that the radii, drawn to the angular points, bisect the angles 
the triangle. 
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Proposition III. Problem. 

About a given circle to describe a trianglCj equiangular to a 
given triangle. 





Let ABC be the given ©, and DEF the given A . 

It is required to describe about the ® a A equiangular 
to A EDF. 

From Of the centre of the © , draw any radius OC, 

Produce EF to the pts. G, H. 
Make z GO A = l BEG, and z COB^ l DFH, I. 23. 
Through A, ByC draw tangents to the © , meeting in L, My N. 
Then will LMN be the A required. 
For *.* ML, LN, NM are tangents to the ®, 
.-. the L a at A, B, G are rt. z s. IIL 18. 

Now z s of quadrilateral AOGM together = four rt. z s. ; 
and of these z 0AM and z OGM are rt. z s ; 

.'. sum of z s GOA, AMG=two rt. z s. 
But sum of z s DEGy DEF ^^two rt z s ; I. 32. 

.-. sum of z s GOA, AMG=siim of z s D^(?, DEF, 
and z 00 J. = z DEO, by construction ; 
.-. iAMG=^ lDEF', 
that is I LMN ^ L DEF. 
Similarly, it may be shewn that z LNM= z Dl^J^ ; 
.-. also z MLiV= z EDF. 
Thus a A, equiangular to A DjE'^, is described about the 0. 
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Proposition IV. Problbm. 
To iiiscribe a circle in a given 1/riangle, 




Let ABG be the given A . 
It is rehired to inscribe a ® in the £^ ABC, 

Bisect z 8 ABC, AGB by the at. lines BO, CO, meeting 

in 0. I. 9. 

From draw OD, OE, OF,±ato AB, BC, CA, I. 12. 

Then, in a s EBO, DBO, 

'.' L EBO^ L DBO; and i BEO^ i BDO, and OB is common, 

/. 0E= OD. I. 26. 

Similarly it may be shewn that OE— OF. 
If then a © be described, with centre 0, and radius OD^ 
ihis © will pass through the pts. D, E, F ; 

and •.• the z s at D, j& and J^ are rt. z s, 
.*. AB, BC, CA are tangents to the © ; III. 16. . 

and thus a © DEF may be inscribed in the A ABC. 

Q. K F. 

EiL 1. Shew that, if OA be drawn, it will bisect the angle 

6Aa 

Ex. 2. If a circle be inscribed in a right-aDgled triangle, the 
difference between the hypotenuse and the sum of the other 
sides is equal to the diameter of the circle. 

Ex. 3. Shew that, in an equilateral triangle, the centre of 
the inscribed circle is equidistant from the three angular points. 

Ex. 4. Describe a circle, touching one side of a triangle ^wcL 
the other two produced, (Note, This ia caWe^ a?Q. e;fecnS 
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Note. Eadid's fifth Proposition of this Book has been 
ali^y given on page 135. 



PROPOsmoN VI. Probleic. 
To inscribe a square in a given circle. 




Let ABCB be the given ©. 

It is required to inscribe a square in the ®, 

Through 0, the centre, draw the diameters -4C, BDy j_ to 
each other. 

Join AB, BCy CD, DA, 

Then •/ the z s at are all equal, being rt. z s, I. Post. 4. 

.*. the arcs ABj BC, CD, DA are all equal. III. 26. 

and .-. the chords AB, BC, CD, DA are all equal ; III. 29. 

and z ABC, being the z in a semicircle, is a rt. z . III. 31. 

So also the z s BCD, CD A, DAB are rt z s ; 
.'. A BCD is a square, 

and it is inscribed in the as was required. 

<^ n. F. 
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Pboposition VII. Problem. 
To desoribe a square about a gwen circle. 




Let ABCD be the given © , of which is the centre. 
It %8 requi/red to describe a squa/re about ike © . 

Draw the diameters AC, BD, ± to each other. 

Through A, B, C, D dmw EF, FG, GH, HE 
touching the ©. III. 17. 

Then the z s at A, B, 0, D are rt. z s. III. 16. 

Now •.• the z 8 at -4, 0, are all rt. i s, 

.-. FE, BD, and GJS are all || ; I. 27. 

and '.* the z s at B, 0, D are all rt. z s, 

.-. FG, AG, and EH are all 11 ; 

.-. FE and GH each = BD, I. 34. 

and FG and EH each = AC. I. 34. 

And '.' BD=^AC, 

/. FE, GH, FG, EH, are all equal. 

Again, •.* FO is a O, 

.\lAFB== lAOB, 1.34. 

and .*. z AFB is a rt. z . 

So also the z s at O, H, and ^ are rt. z s. 

Hence EFGH is a square, and it is described about the © . 

Q. B. F. 

Ex. In a given circle inscribe four circles, equal to each 
other, and in mutual contact with each ot\\e;x ^Avd^. V^ ^^ 
ff^vea drcle. 
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Proposition VIII. Problem. 
To imcribe a cvrde in a qivm, square. 




Let ABGD be the given square. 

It 18 required to inscribe a Q) in (he square. 

Bisect AB, AD in E, F, I. 10. 

and draw JSO II to AD or BC, and FH || to AB or DC. 
Let EG and FH intersect in O. 
Then •.* ^0 is a O, 
.-. OE^FA and OF=^EA. I. 34l 

But •.• ^i?= J.D,.and ^, ^ are the middle ptfi. of AB, AD, 

.\FA^EA, 

and.-. OE=:OF. 

Similarly, it may be shewn that OQ^OF, and OH^OB; 

and .-. OEy OF, OG, OH are all equal ; 

and a © , described with centre and radius' OE, 

will pass through E, F, Gy JB, 

and it will be touched by each of the sides of the square, 

•.• the z s at ^, jP, (?, H are rt. z s. III. 16.' 

Thus a © EFGH may be inscribed in the sq. ABCD. 

Q. E. r. 

Ex. 1. In what parallelograms can circles be inscribed ? 

Ex. 2. If, from any point in the circumference of a circle, 
>aight lines be drawn to the angular points of the inscribed 
ire, the sum of the squares on these four lines will be 
)le of the square on the diameter. 



• 
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Proposition IX. Problem. 
To describe a circle about a given squa/re. 




Let ABCD be the given square. 

It is required to describe a ahout the square, 

Praw the diagonals J.0, BD, intersecting each other in 0. 

Then v I D AC ^ A ACDy La. 

and z 5^0= alternate z AGD, L 29. 

,\ A BAC == I BAG, 

Thus the diagonal AG bisects z BAD, 

and .'. z 0^-B=half a rt. z . 

Similarly it may be shewn that z 0^^— half a rt. z ; 

.-. z OBA = z 0.45 ; 

.\OA = OB. Lb. Cor. 

Similarly it may be shewn that OC=OB, and OD=OA ; 

.-. OA, OB, OCy OD are all equal ; 

and .*. a ©, described with centre and radius OA, will 
pass through A, B, 0, D, and will be described about the 
^uare, as was required. 



\ 
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Proposition X. Problem. 
To describe an isosceles triangle, hofoim^ each of the angles at 
the base double of the third angle. 




Take any st. line AB and divide it in C, 

so that rect. AB, BC^ sq. on AC, II. 11. 

With centre A and radius AB describe the © BDEy 
and in it draw the chord BD=AC\ and join AD, IV. 1. 

Then will A ABB have each of the is at the base double 
of L BAD, 
Join CDy and about the A ACD describe the® ACD, IV. 5. 
Then *.• rect. AB, BC=sq. on AC, and BD=AC, 
.\ rect. AB, BC = sq. on BD, 
and .*. BD touches the © ACD. III. 37. 

Then •.* BD touches © ACD, and DC is a chord of the 

.'. L BDC = L CAD. 111.32. 

Add to each l CD A. 
Then i BDA=mm of l s CAD, CD A, 

,'. L BDA = L BCD. I. 32. 

But z BDA = L CBD ; L ^ 

.-. z BCD = z CBD, 

and .'.BD = CD. I. R Cor. 

But BD=CA; 
.-. 0^ = CD, 
and .*. z Oi)^ = z CAD, I. a. 

Hence sum of z s CD A, CAD = twice z C-4D, 

.-. z ^02) = twice z B^D. I. 32. 

But z ^J5D and z ^DjB are each = z -BOD, 
. '. z ABD and z ADB axe eaciVL = \rwifia l BAD ; 
and thus an isosceles A ABD \\a& ^i^xk. ^^^fii^T^e^ «& -«%& 
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Propobitioit XI. Problem. 
To inscribe a regular pentagon m a gvven cvrcle. 




Let ABODE be the given © . 

It %8 required to inscribe a regular pentagon in the Q. 

Make an isosceles a FGH, having each of the z s at (r, J9 
double of z at F. 
In © ABODE inscribe a a ^ CD equiangular to A FGH, iv. 2. 

having z 8 at A, G, D=thezs at jP, G, H, respectively. 

Then i ADC=^twice l DAG, and l AGD-=tyrice l DAG 

Bisect the z s ADG, AGfih^ the chords DB, GE, 
Join ABy BCy DE, EA. 
Then will ABGDE be a regular pentagon. 
For •.• z s ADGy AGD are each = twice i DAG, 
and z s ADG, AGD are bisected by DB, GE, 
.\ L s.ADBy BDGy DAG, EGD, AGE, are all equal ; 
and .*. arcs AB, BG, GD, DE, EA are all equal ; III. 26. 
and .-. chords AB, BG, GD, DE, f!A are all equal. III. 29. 
Hence, the pentagon ABGDE is equilateral. 
Again, •.* arc CD = arc AB, 
adding to each arc AED, we have 
arc AEDG^SkTc BAED, 
and .-. z ABG=^ z BGD. " III. 27. 

Similarly, z s GDE, DEA, EAB each= z ABG, 

Hence, the pentagon ABGDE is equiangular. 
Thus a regular pentagon has been inscribed in the © . 

Q. B. F. 

Ex Shew that GE is parallel to BA, 
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Proposition XII. Problem. 



To describe a regvla/r pentagon about a gvoen cvrde. 




Let ABODE be the given © . 
It is required to describe a regular pentagon abdut the . 

Let the angular pts. of a regular pentagon inscribed in the 
be at A, J5, 0, D, E, 

so that the arcs AB, BG, CD, DE, EA are all equal. 

Through A, B, C, D, E draw GH, BK, KL, LM, MG 

tangents to the ; 

take the centre 0, and join OBy OK, 00, OL, CD. 

Then in A s OBK, OOK, 

V 0B=00, and OK is common, and KB=KC, 

I. E. Cor. 

/. z BKO= L CKO, and z BOK=^ l COK, 
that is, L BKC=twi<ie l CKO, and l BOO = twice L COK. 
So also, z DLC^ twice z CLO, and z i>OC= twice z OOL. 
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Now •/ arc BC'=r.atc CD, 

/. I BOG^ L DOG, 

and /. I COK^ L COL. 

Hence in A s OCK, OCL, 

•/ z 0(m:=: L COL, and rt L OCK-^rt L OCL, and OC is 
common, 

/. z CKO^ L CLO, and OK^CL, I. b. 

and .-. z HKL^ i MLK, and XX^twice ^C. 

Similarly it may be shewn that i s KHG, HGM, GML each 
= z^mi, 

.'. the pentagon GHKf^M is equiangular. 

And since it has been shewn that KL^^ twice KC, 

and it can be shewn that jETJ^ss twice KB, 

and •/ KB=KC, I. E. Cor. 

.-. HK^KL, 

In like manner it may be shewn that SG, GM, ML, each 
^KL, 

.'. the pentagon GHKLM is equilateraL 

Thus a regular pentagon has been describef^. about the 0. 

Q. E. F. 
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Proposition XIII. Problem. 
To vnMribe a oirde in a given regular pentagon. 




Let ABCBE be the given regular pentagon. 

It is required to vnsortbe a® in the pentagon. 
Bisect z 8 BCD, CDE by the st lines CO, DO, meeting in O. 

Join OB, OA, OE. 

Then, in a s BCO, DCO, 

'.' BC=DC, and CO is common, and i BCO= l DCO, 

.-. z OBC= L ODC I. 4. 

Then, •.• z ABC-^ z CDE, Hyp. 

and z CD^=twice z ODO, 
.•.z^50=twicez05a 
Hence OB bisects z -4JB0. 
. In the same way we can shew that OA, OE bisect 

the z 8 5^^, ABD, 
Draw OJ?*, (X?, OH^, OK, 0L± to AB, BC, CD, DE, EA, 

Then, in A s GOC, HOC, 

',' L GCO^ L HCO, and z OGC^ z OHO, 

and 00 is common, 

.-. OG^OH I. 26. 

So also it may be shewn that OF, OL, OK are 
each=OOor OH-; 
.-. OF, OG, OH, OK, OL are all equal 
Hence a © described with centre and radius OF 
will pass tiu-ough G, H, K, L, 
and will touch the sides of the pentagon, 
•/ the z 8 at l?*, O, fl, Z, X are rt z 8. III. 16. 
Thus a will be inscribed' in the pentagon, q. k. f. 
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Proposition XIV. Problem. 
To describe a circle about a given regular 'penta/jon. 




Iiet ABODE be the given regular pentagon. 

It is required to describe a © about the pentagon. 

Bisect the z s BCD, CDE by the st. lines 00, DO, meeting 
O. 

Join OB, OA, OE. 

Then it may be shewn, as in the preceding Proposition, that 

OB, OA, OE bisect the z s CBA, BAE, AED. 

And •.• z BCD= z CDE, 

and z OCi)=half z BCD, and z 02>0=half z CDJ?, 

.-. z OCD^ z ODC, 

and.-. OD=Oa 

In the same way we may shew that OB, OA, OE 

each =0Z) or OC \ 
.'. OA, OB, OC, OD, OE are all equal, 
da© described with centre and radius OA will pass 
igh B, C, A B, 

and will be described about the pentagon. 
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Proposition XV. Problem. 
To inscribe a regular Jiexagon in a given circle. 




Let ABCDEF be the given ©, of which is the centre.' 
It is required to inscribe a regular hexagon in the © . 

Draw the diameter AOD, 
and with centre D and radius DO describe a © EOCG 
Join EOj CO, and produce them to B and F. 
Join AB, BC, CD, DE, EF, FA. 
Then '.• is the centre of © ACE, ,\ OE=OD ; 
and •.• D is the centre of © GCE, .'. OD=DE ; 

.'. OED is an equilateral A, 
and .*. z EOD=ihQ third part of two rt. z s. I. 32. 

So also z DOC=the third part of two rt. z s, 
and .*. z 50C=the third part of two rt. z s. I. 13. 

Thus z s EOD, DOC, BOC are all equal ; 
and to these the vertically opposite z s BOA, AOFy FOE 
are equal ; I. 16. 

.-. L^AOB, BOC, COD, DOE, EOF, FOA, are all equal, 
and .-. arcs AB, BC, CD, DE, EF, FA are all equal 

III. 26. 

and .-. chords AB, BC, CD, DE, EF, FA are all equal. 

III. 29. 

Thus the hexagon ABCDEF is equilateral 

Also '.' each of its z s— two-thirds of two rt. z s, 

.•. the hexagon ABCDEF is equiangular. 
Thus a regular hexagon has been inscribed in the © . 

Q. E. F. 
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Proposition XVL Problem. 
To inscribe a reguUi/r quindecagon in a given circle. 




Let ABC be the given ©. 
Zt is required to inscribe in the ® a regulcvr qmndecagon. 

Let AB be the side of an equilateral A inscribed in the , 

IV. 2. 
and AD the side of a regular pentagon inscribed in the 0. 

IV. 11. 

Then of such equal parts as the whole Oce ABC contains 
fifteen, 

arc ADB must contain five, 

and arc AD must contain three, 

and .'. arc DB, their diflference, must contain two. 

Bisect arc DB in E. III. 30. 

Then arcs DE, EB are each the fifteenth part of the whole 
Oce. 

If then chords DE, EB be drawn, 

and chords equal to them be placed all round the Oce, IV. 1 

a regular quindecagon will be inscribed in the 0« 



196 EUCLID'S ELEMENTS, [Bo<A IV. 



Miscellaneous Exercises on Book IV. 

1. The perpendiculars let fall on the sides of an equilateral 
triangle from the centre of the circle, described about the 
triangle, are equal 

2. Inscribe a circle in a given regular octagon. 

3. Shew that in the diagram of Prop. X there is a second 
triangle, which has each of two of its angles double of the third. 

4. Describe a circle about a given rectangle. 

5. Shew that the diameter of the circle which is described 
about an isosceles triangle, which has its vertical angle double 
of either of the angles at the base, is equal to the base of 
the triangle. 

6. The side of the equilateral triangle, described about % 
circle, is double of the side of the equilateral triangle, inscribecL 
in the circle. 

7. A quadrilateral figure may have a circle described abou't: 
it, if the rectangles contained by the segments of the diagonaie 
be equal 

8. The square on the side of an equilateral triangle, inscribe 
in a circle, is triple of the square on the side of the regul»-^ 
hexagon, inscribed in the same circle. 

9. Inscribe a circle in a given rhombus. 

10. ABC is an equilateral triangle inscribed in a circle 5 
tangents to the circle at A and B meet in M. Shew that ^ 
diameter drawn from M", and meeting the circumference in D an<i 
0, bisects the angle AMB, and that DC is equal to twice MJ^- 

11. Compare the areas of two regular hexagons, one in" 
scribed in, the other described about, a given circle. 

12. Inscribe a square in a given semicircle. 

A circle being given, describe six other circles, each of 
[ual to it, and in contact with each other and with the 
rcJe. 
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14. Given the angles of a triangle, and the perpendiculars 
from any point on the three sides, construct the triangle. 

15. Having given the radius of a circle, determine its centre, 
when the circle touches two given lines, which are not parallel. 

16. If the distance between the centres of two circles, which 
cat one another at right angles, is equal to twice one of the 
radii, the common chord is the side of the regular hexagon, 
inscribed in one of the circles, and the side of the equilateral 
tiiangle, inscribed in the other. 

17. If from 0, the centre of the circle inscribed in a triangle 
ABO, OD^ OE, OF be drawn perpendicular to the sides JBC, 
GA, AB, respectively, and from any point P in OP, drawn 
parallel to AB, perpendiculars PQ, PR be drawn upon OD 
and OjE respectively, or these produced, shew that the triangle 
(^RO is equiangular to the triangle ABC» 
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Euclid Facers set iyi the Mathematical Tripos ai Cambridge 

from 1848 to 1872. 



Questions arising out of the Propositions, to which they 
are attached, have been proposed in the Euclid Papers tti 
Candidates for Mathematical Honours since the year 1848. 

A complete set of these questions, so far as they refer to 
Books i.-iy., is here given. The figures preceding each question 
denote the particular Proposition to which the question was 
attached. It is expected that the solution of each question is 
to be obtained mainly by using the Proposition which precedes 
it, and that no Proposition which comes later in Euclid's order 
should be assumed. 

Of some of the questions here given we have already made 
use in the preceding pages. As examples, however, of what 
has been hitherto expected of Candidates for Honours, and in 
order to keep the series of Papers complete, we have not 
hesitated to repeat them. 

1848. I. c How does it appear that the two triangles are 

equiangular and equal to eaoh other ? 

I. 34. If the two diagonals be drawn, shew that a 
parallelogram will be divided into four equal 
parts. In what case will the diagonal bisect 
the angle of parallelogram ? 

III. 15. Shew that all equal straight lines in a circle 
will be touched by another circle. 

UL 20. If two straight lines AEB, GEB in a circle 
interaect in E, the angles subtended by ^0 
and BD at the centre are together double of 
the £>ngle AEC. ^ '^ 
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1849. I. 1. By a method similar to that nsed in this pro- 

blem, describe on a given finite straight line 
an isosceles triangle, the sides of which shall 
be each equal to twice the base. 

ti. 11. Shew that in Euclid's figure four other lines 
beside the given line, are divided in the re- 
quired manner. 

IV. 4. Describe a circle touching one side of a triangle 
and the produced parts of the other two. 

1850. L 34. If the opposite sides, or the opposite angles, of 

any quadrilateral figure be equal, or if its 
diagonals bisect each other, the quadrilateral 
is a parallelogram. 

II. 14. Given a square, and one side of a rectangle 
which is equal to the square, find the other 
side. 

III. 31. The greatest rectangle that can be inscribed in 

a circle is a square. 

ni. 34. Divide a circle into two segments such that the 
angle in one of them shall be five times the 
angle in the other. 

IV. 10. Shew that the base of the triangle is equal to 

the side of a regular pentagon inscribed in the 
smaller circle of the figure. 

1851. I. 38. Let ABGy ABD be two equal triangles, upon 

the same base AB and on opposite sides of 
it : join CD, meeting AB in E : shew that 
CE is equal to ED. 

1. 47. If ABC be a triangle, whose angle ^ is a right 

angle, and BE, CF be drawn^^^ecting the 

opposite sides respectivejj^^^ <v that four 

times the sum of the;^ a BE and 0^ 

is equal to five times ire on BC, ^ 

ra 

ni. 22. If a polygon of an even lOer of sides be ih^ 
scribed in a circle, th sum. of the alterrie^^- 
angles together with t^o right angles is e^X>0 
to as many right anglei as the figure has • 

I 
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1851. IV. 16. In a given circle inscribe a triangle, whose 

angles are as the numbers % 5 and 8. 

1852. I. 42. Divide a triangle by two straight lines into 

three parts, which, when properly arranged, 
shall form a parallelogram whose angles are 
of given magnitude. 

IT. 12. Triangles are described on the same base and 
having the difference of the squares on the 
other sides constant : shew that the vertex of 
any triangle is in one or other of two fixed 
straight lines. 

IV. 3. Two equilateral triangles are described alx^jii 
the same circle : shew that their intersections 
will form a hexagon equilateral, but not gene- 
rally equiangular. 
.853. T. B. Cor. If lines be drawn through the extremities of the 

base of an isosceles triangle, making angles 
with it, on the side remote from the vertex, 
each equal to one third of one of the equal 
angles, and meeting the sides produced, prove 
that three of the triangles thus formed are 
isosceles. 
L 29. Through two given points draw two lines, form- 
ing with a line, given in position, an equi- 
lateral triangle. 

II. 11. In the figure, if JEf be the point of division of 
the given line J. J5, and DA be the side of the 
square which is bisected in E and produced 
to F^ and if DB. be produced to meet BW in 
i, prove that DL is perpendicular to J5^, and 
is divided by BE similarly to the given lina 

ni. 32. Through. a given point without a circle draw a 
chord ^uch that the difference of the angles 
in the two segments, into which it divides the 
circle, jmay be equal to a given angle. 

III. 36. From a gi ^n point as centre describe a circle cut- 
ting a ^line iu two points, so that the rect- 
angle Nicd by their distances from a fixed 
point . iie may be c(\ual to a given squara 
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>4. I. 43. If K be the common angular point of the paral- 
lelograms about the diameter, and BD the 
other diameter, the difference of the paral- 
lelograms is equal to twice the triangle BKD, 
II. 11. Produce a given straight line to a point such 
that the rectangle contained by the whole 
line thus produced and the part produced 
shall be equal to the square on the given 
straight line. 

III. 22. If the opposite sides' of the quadrilateral be pro- 
duced to meet in P, Q, and about the tri- 
angles so formed without the quadrilateral 
circles be described meeting again in i2, shew 
that P, R, Q will be in one straight line. 

iv. 10. Upon a given straight line, as base, describe an 
isosceles triangle having the third angle 
treble of each of the angles at the base. 

35. J. 20. Prove that the sum of the distances of any point 
from the three angles of a triangle is greater 
than half the perimeter of the triangle. 

I. 47. If a line be drawn parallel to the hypotenuse 
of a right-angled triangle, and each of the 
acute angles be joined with the points where 
this line intersects the sides respectively oppo- 
site to them, the squares on the joining lines 
are together equal to the squares on the hypo- 
tenuse and on the line drawn parallel to it. 

IT. 9. Divide a given straight line into two parts, such 
that the square on one of them may be 
double of the square on the other^ without 
employing the Sixth Book. 

HI. 27. If any number of triangles, upon the same base 
BCy and on the same side of it, have their 
vertical angles equal, and perpendiculars 
meeting in D be drawn from P, C upon the 
opposite sides, find the locus of Z), and shew 
that all the lines which bisect tbft Q^ii^^ BI^Ci 
pass through the same pomt. 
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1866. IV. 4. If the circle inscribed in a triangle ABC touch 

the sides AB^ -4C in the points D, j&, and a 
straight line be drawn from A to the centre 
of the circle, meeting the circumference in Q^ 
shew that Q is the centre of the circle in- 
scribed in the triangle ADE, 

1866. I. 34. Of all parallelograms, which can be formed with 

diameters of given , length, the rhombus is 
the greatest. 

II. 12. If AB, one of the equal rides of an isosceles 

triangle ABG^ be produced beyond the base 
to D, so that BD^ABj shew that the square 
on CD is equal to the square on AB together 
with twice the square on BC, 

TV, 15. Shew how to derive the hexagon from an equi- 
lateral triangle inscribed in the ciicle, and 
from this construction shew that the side of 
the hexagon equals the radius of the circle, 
and that the hexagon is double of the tri- 
angle. 

1857. I. 35. ABC is an isosceles triangle, of which A is the 

vertex: AB, AC are bisected in D and E 
respectively ; BE, CD intersect in F : shew 
that the triangle ADE is equal to three times 
the triangle DEF. 

II. 13. The base of a triangle is given, and is bisected 
by the centre of a given circle, the circum- 
ference of which is the locus of the vertex: 
prove that the sum of the squares on the two 
sides of the triangle is invariable. 

III. 22. Prove that the sum of the angles in the fonr 

segments of the circle, exterior to the quadri- 
lateral, is equal to six right angles. 

IV. 4. Circles are inscribed in the two triangles formed 
by drawing a perpendicular from an angle of 
a triangle upon the opposite side, and analO'; 
fifous circles are described in relation to tl»! 
two othei \\kc^er^^T\d\<iulars : prove that ^^ 
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sum of the diameters of the six circles toge- 
ther with the sum of the sides of the original 
triangle is eqnal to twice the sum of the three 
per|)endiculars. 

1858. I. 28. Assuming as an axiom that two straight lines 

cannot both be parallel to the same straight 
line, deduce Euclid's sixth postulate as a 
corollary of the proposition referred to. 

n. 7. Produce a given straight line, so that the sum 
of the squares on the given line and the part 
produced may be equal to twice the rectangle 
contained by the whole line thus produced and 
the produced part 

in. 19. Describe a circle, which shall touch a given 
straight line at a given point and bisect the 
circumference of a given circle. 

1859. t 41. Trisect a parallelogram by straight lines drawn 

from one of its angular points. 
II. 13. Prove that, in any quadrilateral, the squares 
on the diagonals are together equal to twice 
the sum of the squares on the straight lines 
joining the middle points of opposite sides. 

ni. 31. Two equal circles touch each other externally, 
and through the point of contact chords axe 
drawn, one to each circle, at right angles to 
each other: prove that the straight line, 
joining the other extremities of these chords, 
is equal and parallel to the straight Hne 
joining the centres of the circles. 

iV'. 4. Triangles are constructed on the same base with 
equal vertical angles : prove that the locus 
of the centres of the escribed circles, each of 
which touches one of the sides externally 
and Jbhe other side and base produced, is an 
acre of a circle, the centre of which is on the 
circumference of the circle circumscribing the 
triangles. 
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1860. I. 35. If a straight line BME be drawn through the 

middle point M. of the base BG of a triangle 
ABG^ so as to cut off equal parts AD^ AE 
from the sides AB, AC, produced if neces- 
sary, respectively, then shall BD be equal to 
CE. 

II. 14. Shew how to construct a rectangle which shall 
be equal to a given square ; (1) when the 
sum, and (2) when the difference of two ad- 
jacent sides is given. 

III. 36. If two chords AB, AC he drawn from any point 

^ of a circle, and be produced to D and Ey 
so that the rectangle AC, AE is equal to the 
rectangle AB, AD, then, if be the centre 
of the circle, ^0 is perpendicular to DE, 

IV. 10. If ul be the vertex, and BD the base of the 

constructed triangle, D being one of the points 
of intersection of the two circles employed in 
the construction, and E the other, and AJE ' 
be drawn meeting BD produced in F, prove 
that FAB is another isosceles triangle of the 
same kind. 

1861. L 32. If ABC be a triangle, in which C is a right 

angle, shew how, by means of Book L, to 
draw a straight line parallel to a given 
straight line so as to be terminated by CA 
and CB and bisected by AB, 

IL 13. If ABC be a triangle, in which is a right 
angle, and DE be drawn from a point D in 
AC At right angles to AB, prove, without 
using Book III., that the rectangles AB, AE 
and AC, AD will be equal 

in. 32. Two circles intersect in A and B, and CBD is 
drawn perpendicular to AB to meet the 
circles in C and D ; if EAF bisect either the 
interior or exterior angle between CA and 
DA, prove that the tangents to the circles at 
E and F intersect in a point on AB produced* 
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rv. 4. Describe a circle touching the side BO of the 
triangle -4JB0, and the other two sides pro- 
duced, and prove that the distance between 
the points of contact of the side BG with the 
inscribed circle, and the latter circle, is equal 
to the difference between the sides AB and 
AG, 

I. 4. Upon the sides AB^ BG, and GD of a parallelo- 
gram ABGD, three equilateral triangles are 
described, that on BG towards the same parts 
as the parallelogram, and those on AB^ GD 
towards the opposite parts. Prove that the 
distances of the vertices of the triangles on 
AB, GD, from that on BG, are respectively 
equal to the two diagonals of the parallelo- 
gram. 

II. 10. Divide a given straight line into two parts, so 
that the squares on the whole line and on 
one of the parts may be together double of 
the square on the other part 

iiL 28. A triangle is turned about its vertex, until one 
of the sides intersecting in that vertex is in 
the same straight line as the other previously 
was : prove that the line, joining the vertex 
with the point of intersection of the two 
positions of the base, produced if necessary, 
bisects the angle between these two positions. 

IV. 10. Prove that the smaller of the two circles, em- 
ployed in Euclid's construction, is equal to 
the circle described about the required tri- 
angle. 

I. 47. Two triangles ABG, A'B'Gf have their sides 
respectively parallel. BBx, GGi are drawn 
perpendicular to JB'(7; GG^, AA% to G'A^\ and 
AAz, BB3 to -4'jB'. Prove that the sum of the 
squares on ABi, BGi, GAs together, is equal 
to the sum of those on AGi, BA%, GB^ together. 
iL 11. Divide a given straight Ime ixito Xrwci^-wsXa^tM.^ 
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that the rectangle contuned by the whole and 
one part may be equal to that contaiiied by 
the other part and a given straight line. 

1863. III. 28. Two equal circles intersect in -4, J5 ; FQT 

perpendicular to AB meets it in Ty and the 
circles in P, Q. -4P, ^Q meet in B, ; Ai^y 
BP in S : prove than the angle BTS is bi- 
sected by TP. 

1864. I. 38. If a quadrilateral figure have two sides parallel 

and the parallel sides be bisected, the line 
joining the points of bisection shall pass 
through the point in which the diagonals cut 
one another. 

IL 14. Divide a given straight line (when possible) 
into three parts such that the rectangle con> 
tained by two of them shall be equal to a 
given rectilineal figure, and that the squares 
on these two parts shall together be equal to 
the square on the UiinL 

III. 36. If from a given point A without a given circle 
any two straight lines APQ, AB8, be drawn, 
making equal angles with the diameter which 
passes through A, and cutting the circle in 
Py Qf and B, Sy respectively, then PS, QH^ 
shall cut one another in a given point. 

IV. 11. If a figure of any odd number of sides have all 
its angular points on the same circle, and all 
its angles equal, then shall its sides be equaL 

1865. L 20. Give a geometrical construction for finding a 

point in a given straight line, the difference of 
the distances of which from two given points 
on the same side of the line shall be the 
greatest possible. 

II. 12. The base BG of an isosceles triangle ABC ia 
produced to a point D ; AD is joined, and in 
AD a point E is taken, such that the rect- 
angle ADyAE, is equal to the square on either 
of the equal sides AB^ AG, of the triangle ' 
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prove that the rectangle BD^ CD is equal to 
the rectangle AD, ED, 

35. III. 18. A given straight line is drawn at right angles 
to the straight line joining the centres of two 
given circles ; prove that the difference be- 
tween the squares on two tangents drawn, 
one to each circle, from any point on the 
given straight line, is constant. 

IV. 5. Having given one side of a triangle, and the 
centre of the circumscribed circle, determine 
the locus of the centre of the inscribed circle. 

566. 1. 33. Prove that a quadrilateral, which has two op- 
posite sides and two opposite obtuse angles 
equal, is a parallelogram. 

Shew that the figure is not necessarily a paral- 
lelogram, if the equal angles are acute. 

IL 9. Prove this also by superposition of the squares 
or their halves. 

IIL 32. If four circles be drawn, each passing through 
three out of four given points, the angle be- 
tween the tangents at the intersection of two 
of the circles is equal to the angle between 
the tangents at the intersection of the other 
two circles. 

IV. 2. In a given circle inscribe a triangle such that 
two of the sides of the triangle shall pass 
through given points and the third side be at 
a given distance from the centre of the given 
circle. 

167. I. 16. Any two exterior angles of a triangle are together 
greater than two right angles. 

L 43. What is the greatest value which these comple- 
ments, for a given parallelogram, can have ? 

IL 11. Divide a given straight line into two parts such 
that the squares on the whole line and on one 
of the parts shall be together double of ihe 
square on the other paiU 
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1867. III. 22. If the chords, which bisect two angles of a 

triangle inscribed in a circle, be equal, prove 
that either the angles are equal, or the third 
angle is equal to the angle of an equilateral 
triangle. 

1868. I. 41. OKBM and OLDN are parallelograms about 

the diameter of a parallelogram ABCD. In 
MN, which is parallel to BAy take any point 
P and prove that, if PC, produced if neces- 
sary, meet KL in Q, BP will be parallel 
to DQ, 

II. 12. In a triangle ABC, D, E, F are the middle 
points of the sides BC, CA, AB respectively, 
and K, L, M are the feet of the perpendi- 
culars on the same sides from the opposite 
angles. Prove that the greatest of the rect- 
angles contained by BC and BK, CA and 
EL, AB and FM, is equal to the sum of the 
other two. 

III. 35. Through a point within a circle, draw a chord, 
such that the rectangle contained by the whole 
chord and one part may be equal to a given 
square. 

Determine the necessary limits to the magni- 
tude of this square. 

IV. 4. If two triangles ABC, A'B'C be inscribed in 
the same circle, so that AA' BB^. CCf meet 
in one point 0, prove that, if be the centre 
of the inscribed circle of one of the triangles, 
it will be the centre of the perpendiculars of 
the other. 

1869. I. 40. ABC is a triangle, E and F are two points ; if 

the sum of the triangles ABE and BCE be 
equal to the sum of the triangles ABF and 
BOF, then under certain conditions EF will 
be parallel to AC, Find these conditions, 
and determine when the difference instead of 
the sum of the triangles must be taken. 



I L to IV.] SEliA TE'HOUSE RIDERS. 209 

*. n. 11. Shew that the point of sectiim lies between the 

extremities of the fine. , 
nL 33. An acate-angled tiiangle is inscribed in a 
dide, and the paper is folded along each of 
the sides of the triangle: Shew that the 
circumferences of the three s^ments will pass 
throngh the same point. State the equivalent 
proposition for an obtuse-angled triangle. 
^ 11. Shew that the circles, each of which touches 
two sides of a regular pentagon at the ex- 
tremities of a third, meet in a point. 

• I. 26. ABCD is a square and E a point in BC ; a 
straight line BF is drawn at right angles to 
AE, and meets the straight line, which bisects 
the angle between CD and BC produced in a 
point F I prove that AE is equal to EF. 
U. 9. The diagonals of a quadrilateral meet in E, and 
F is the middle point of the straight line 
joining the middle points of the diagonals : 
prove that the sum of the squares on the 
straight lines joining E to the angular points 
of the quadrilateral is greater than the sum of 
the squares on the straight lines joining F to 
the same points by four times the square 
on EF. 

III. 32. AB, CD are parallel diameters of two circles, 

and AG cuts the circles in P, ^ : prove that 
the tangents to the circles at P, Q are parallel 

IV. 10. Hence shew how to describe an equilateral 

and equiangular pentagon about a circle with- 
out first inscribing ona 
I. 38. Through the angular points A, P, C, of a 
triangle are drawn three parallel straight lines 
meeting the opposite sides in A\ B\ (7 re- 
spectively : prove that the triangles AB'Cy 
BOA', CA'B' are aU equal 
n. 10. Produce a given straight line so that the square 
on the whole line thus produced may be 
double the square on the paxt ^tQd»5^^ 

15 



n 
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1871. III. 32. The opposite sides of a quadrilateral inscribed 

in a circle are produced to meet in P, Q, and 
about the four triangles thus formed circles 
are described : prove that the tangents to these 
circles at P and Q form a quadrilateral equal 
in all respects to the original, and that the 
line joining the centres of the circles, about 
the two quadrilaterals, bisects PQ. 

i'v. 5. A triangle is inscribed in a given circle so as 
to have its centre of perpendiculars at a given 
point : prove that the middle points of its 
sides lie on a fixed circle. 

1872. I. 47 If GEy BD be the squares described upon the 

side AC, and the hypotenuse AB, and if 
EB, CD intersect in F, prove that AF bi- 
sects the angle BFD. 

III. 22. Two circles intersect ia A, B: PAP', QAQf are 

drawn equally inclined to AB to meet the 
circles in P, P', ft C : prove that PP' is 
equal to QQ^. 

IV. 4. Having given an angular point of a triangle, the 

circumscribed circle, and the centre of the in- 
scribed cirdei construct the triangle. 



BOOK V. 

SECTION 1. 
On Multiples and EquimtUtiples^ 

Def. I. A OREATEB magnitade is a Multiple of a less magni- 
tude, when the greater contains the less an exact number 
of times. 

Def. II. A less magnitude is a Suh-mulUple of a greater 
magnitude, when the less is contained an exact number of 
times in the greater. 

These definitions are applicable not merely to Geometrical 
magnitudes, such as Lines, Angles, and Triangles ; bnf mm) to 
such as are included in the ordinary sensi. r*^ 'he ^.Vy)ii\ \^:i^- 
tude, that is, anything which is made up of parts like itdelf, 
such as a Distance, a Weight, or a Sum of Money. 

Postulate. 

Any one magnitude being given, let it be granted that any 
number of other magnitudes may be found, each of which is 
equal to the first. 

Method op Notation. 

Let A represent a magnitude^ not as one of the letters used 
in Algebra to represent the measure of a magnitude, but let A 
stand for the magnitude itself. Thus, if we regard A as repre- 
senting a weight, we mean, not the number of pounds con- 
tained in the weight, but the weight itself. 
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Let the words A^ B together represent the ma^tude obtaine^^s 
by putting the magnitude B to the magnitude A. 

Let A, A together be abbreviated into 2A, 

A, A, A together 3A, 

and so on. 

Let AfA repeated m times be denoted by mA, 

m standing for a whole number. 

Let mAy mA repeated n times be denoted by wm .^ . f 

where nm stands for the arithmetical product of the toAc^^ 
numbers n and m. 

Let {m+n) A stand for the magnitude obtained by puttW3g 
nA to mAy m and n standing for whole numbers. 

These, and these only, are the symbols by which we propose 
to shorten and simplify the proofs of tills Book : capi't^sl 
letters standing, in all cases, for m/ignUudes ; and small lett^xs 
standing for vhole numbers. 



Scales of Multiples. 

By taking a number of magnitudes each equal to Ay a3Ci<l 

putting two, three, four of them together, we obtain a ^** 

of magnitudes, depending upon A, and all known when A ^ 
known ; namely, 

Ay 2Ay 3A, ^Ay 5A and so on ; 

each being obtained by putting A to the preceding one. 

This we call the Scale op Multiples of A. 



V 



If m be a whole number, mA and mB are called Eqi 
multiples of A and By or, the samie multiples of A and ^ 
respectively. 

Axioms. 

lultiples of the same, or of equal magnitudes, a^"^ 
another. 

(nagnitudes, of which the same, or equal, magn^' 
iimultiples, are eq\ia\ to on^ ttaolVvfix. 



HI 
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3. A multiple of a greater magnitude is greater than the 
same multiple of a less. 

4. That magnitude, of which a multiple is greater than the 
same multiple of another, is greater than that other magni- 
tude. 

IToTB 1. If ^ and B be two commensurable magnitudes, it 
is easy to show that therie is zomt multiple of A^ which is 
equal to %<ytM multiple of 5. 

Por let 3f be a common measure of A and B ; then the 
scale of multiples of 3f is 

M, 2M, 3M, 

Now <yM of the multiples in this scale, suppose fMy is equal to Ay 
and QfM suppose qMy, 5. 

Hence the multiple qpM is equal to q^A^ Y. Ax. 1. 

and the same multiple is equal to 'pB\ 
and therefore q^A = 'pB. I. Ax. 1. 



Proposition I. (Eucl. v. 1.) 

Ij any wumh&r of magnitudes he equimultiples of as many, 
^04sh of each ; whatever multiple -any one of them is of its sub- 
^uUiple, the sa/me m/ultiple must all the first W/agniiudes, taken 
^ether, be of all the other, taken together. 

Let A be the same multiple of G that £ is of D. 
Then m/ust A, B together be the same multiple of G, D together 
^^AisofG. 

Let A *B G, G, G, repeated m times. 

Then B ■= D,D,D repeated m times. 

•'. A, B together — G,D; G,D; G,D; repeated m times. 

''.A,B together is the same multiple of G, D together that 
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Proposition II. (Eucl. v. 2.) 

If the first he ihe same multiple of (he second (hat (he (kird ^ 
of the fourth, and (he fifth (he same multiple of (he second t^«U 
the sixth is of the fourth ; ihe fi/rst togeOier with the fif(h must hi 
the same multiple of (he second, (hat (he (hird together with "th 
sixth is of the fourth. 

Let A, B, C, D, E, F be six magnitudes, such that 
A is the same multiple of B, that Cis of D, and 
E is the same multiple of B, that l'^ is of D, 
Then must A, E together he (he same multiple of B,' 
that 0, F together is of D, 

Let A — B, B, jB, repeated m times ; 

then C = D,D,D, repeated m times. 

Also, let E = B, B, B, repeated n times ; 

then F = D,D,D, repeated n times. 

.*. A, E together = B, B, B, repeated m+n timas, 

and C, F together = D,D,D, repeated m+n timess- 

.*. A, E together is the same multiple of B, 
that 0, F together is of D, 

« 

Proposition III. (EucL v. 3.) 

If the first he the same multiple of (he second thai (he third 
IS of the fourth; and if of the fi/rst and third (here he tcJc^ 
equimultiples, these must he equimultiples, the one of ihe secoTw, 
and the other of the fourth. 

Let A be the same multiple of B that is of D ; 
and let E and F be taken equimultiples of A and C. 
Then must E and F he equimultiples of B and D, 

For let -4 = jB, B, repeated m times= w^ > 

then G ^ D, D, repeated m times =»w-Z?' 

Again, let ^= A, -4, repeated n times ; 

then F = G, G, repeated n times. 

.*. E = mB, mBj repeated n times=n?»^ ? 

and F = mD, mD, repeated n times ^nw-X/. 

.'. E is the same multiple of B that J^ is of D. 

Q. B.D. 
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SECTION 11. 

On Ratio and Proportion, 

X)ef. III. If A and B be magnitudes of the same kind, the 
relative greatness of A with respect to £ is called the ratio of 

If OTE 2. When A and B are cmMnmva.rdbU^ we can estimate 
their relative greatness by considering what multiples they are 
of some common standard. But as this method is not appli- 
<»l>le when A and B are incommensurable, we have to adopt 
ft more general method, applicable both to commensurable and 
incommensurable magnitudes. 

If A and B be magnitudes of the same kind, commensurable 
oi" incommensurable, the scale of multiples of A is 

^, 2-4...m-4, (m+l)-4...2m^, (2m+l)^...3m-4...wmJ.... 

and the Batio of £ to ^ is estimated by considering the posi- 
tion which i5, or some multiple of JB, occupies among the 
multiples of A, 

If A and B be commensurable, a multiple of B can be found, 
such that it would occupy tfee mmt place among the multiples 
of A, which is occupied by some one of the multiples of A ; 
that is, this particular multiple of B represents the same 
magnitude as that, which is represented by some one of the 
multiples of A. See Note 1, p. 213. 

If, for example, the 7th multiple in the scale of B represents 
the same magnitude as that which is represented by the 5th 
multiple in the scale of A, or in other words, if 7jB = 6A, we 
are enabled to form an exact notion of the %te«u\?£\ees^ ^1 ^ 
Relatively to A. 
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When A and B are incommensurable, the relation mA^nB 
can have no existence ; that is, no pair of multiples, one in 
each of the scales of multiples of A and By represent the same 
magnitude. But we can always determine whether a jpwr- 
ticular multiple of B be greater or less than some one of the 
multiples of A ; that is, we can always find between what two 
successive multiples of A any'«gjyen multiple of B lies. 

Hence, whether A and B be )Ck)mmensurable or incommen- 
surable, we can always form a third scale, in which the 
multiples of B are distributed among the multiples of A, 

Suppose, for example, we discover the following relations 
between particular multiples of A and B : 

B greater than A and less than 2A, 
2B greater than 3 A and less than 4A, 
SB greater than 5A and less than 6 A, 

and so on ; the (hird scale will commence thus 

A, B, 2^, 3^, 25, 4^, bAy 35, 6J[, 

and so on ; the scale not being formed by any law, but con- 
structed by special calculations for each term. 

Such a scale we call the Scale of Eelation of A and 5, 
and we give the following Definition : — 

The Scale of Relation of two magnitudes of the same kind 
is a list of the multiples of both ad infinitum^ all arranged in 
order of magnitude, so that any multiple of either magnitude 
being assigned, the scale of relation points out between which 
multiples of the other it lies. 

Note 3. It may here be remarked that, if A and B be 
two finite magnitudes of the scume kind, however small B may 
be, we may, by continuing the scale of multiples of B suffi- 
ciently far, at length obtain a multiple of B greater than A, 

Also, if 5 be less than A, one multiple at least of the scale 

' ^ will lie between each two consecutive multiples of the 

A, From these considerations we shall be justified in 
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(1.) l^t we can always take mB greater than A or than 'pA, 

(2.) That we can always take nB such that it is greater than 
^A but not greater than qA^ provided that B is less 
than A^ and j? than q. 

We can now make an important addition to Definition iii., 
so that it wlQ run thus : — 

If A and B be magnitudes of the same kind, the relative 
greatness of A with respect to B i^ called the Eatio of ^ to ^, 
and this Eatio is determined by, that is, depends solely upon, 
the order in which the multiples of A and B occur in the 
Scale of Eelation of A and B, 



Def. ly. Magnitudes are said to have a Eatio to each other, 
which can, being multiplied, exceed each the other. 



This definition is inserted to point out that a ratio cannot 
exist between two magnitudes unless two conditions be fed- 
filled :— first, the magnitudes must be of the same kind ; 
secondly, neither of them may be infinitely large or infinitely 
smalL See Note 3. 



Def. V. When there are four magnitudes, and when any 
equimultiples of the first and third being taken, and any equi- 
multiples of the second and fourth, if, when the multiple of the 
first is greater than that of the second, the multiple of the 
third is greater than that o^the fourth, and when the multiple 
of the first is equal to that of the second, the multiple of the 
third is equal to that of the fourth, and when the multiple of 
the first is less than that of the second, the multiple of the 
third is less than that of the fourth, then the first of the 
original four magnitudes is said to have to the second ^V^& 
same ratio which the third has to the fonttYi. 



2l8 
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Note 4. — To make Def. v. clearer we give the following 
illustration. Suppose A^ B, G, D to be four magnitudes ; the 
scales of their multiples teill then be — 

Ay 2A, 3A mA , 

B, 25, 35 nB , 

0, 20, 30 wO , 

D, 2D, 32) nD ; 

where mA, mC stand for any equimultiples of A and O, and 
nB, nD stand for any equimultiples of B and D: then the 
Definition may be stated more briefly thus : 

A is said to have the same ratio to B which C has to D, 
when mA is found in the same position among the multiples 
of B, in which mC is found among the multiples of D ; or, 
which is the same thing, when the order of the mvltvples of A 
and Bin the Scale of Relation of A and B, is precisely the same 
as the order of the muUiples of C amd D in the Scale of MeUUion 
of C and D ; or, when every multiple of A is found in the same 
position among the multiples of B, in which the same multiple 
of is found among the multiples of D. 

Note 5. The use of Def. v. will be better understood by 
the following application of it. 

To show thai rectangles of equal altitude a/re to one a/nother 

as their bases. 




a a e f tj H 

Let AC, ac be two rectangles of equal altitude. 
Let B, B' and R, R' stand for the bases and the areas of 
these rectangles respectively. 

""^ke AD, DE, EF, m in number, and all equal, 

ad, de, ef,fg, gh, w in number, and allfequal. 
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Complete the rectangles, as in the diagram. 

Then base A¥ = m5, 
base ah = nBf, 
rectangle AT = wii?, 
rectangle op = tii^', 
Now we can prove, by superposition, that if AF be greater 
than ahy AP will be greater than ap, and if equal, equal ; and 
if less, less. 

That is, if mB be greater than nB^, mB is greater than nB'; 
and if equal, equal ; and if less, less.. 
Hence, by Def. v., 

jBistoB'asiJistolJ'. 
Hence we deduce two Corollaries, which are the foundation 
of the proofs in Book vi. 

Cor. I. Parallelograms of equal altitude are to one another 
as their hoses. 

For the parallelograms are equal to rectangles, on the same 
bsses and between the same parallels. 

Cor. IL Tria/ngles of equal altitude art to one another as 
their hoses. 

For the triangles are equal to the halves of the rectangles, 
on the same bases and between the same parallels. 

N,B, — These Corollaries are proved as a direct Proposition 
in EucL VI. 1. Cor. 11. could not, consistently with Euclid's 
method, be introduced in this place, for it assumes Proposi- 
tion XI. of Book v. 

Def. YI. Magnitudes which have the same ratio areuiled 
Proportionals, 

If A, B, C, D be proportionals, it is usually expssed by 
saying, ^istofasCistoD. 

The magnitudes A and C are called the Antecedents I the ratios. 
B&ndD Consequ>ent. 

The antecedents are said to be homologous t<one another, 
that is, occupying the same position in the ratiosmLSKoyoi), and 
the consequents are said to be homologo^^ 
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Def. VII. When of the equimultiplea of four magnitudes, 
taken as in Def. v., the multiple of the jBrst is greater than [or 
is equal to] the multiple of the second, but the multiple of the 
third is not greater than [or is less than] the multiple of the 
fourth, then the first is said to have to the second a greater 
ratio, than the third has to the fourth. 

Note 6. The meaning of Del vii, may be expressed, after 
taking the scales of multiples as in the explanation of Def 7., 
thus : — 

A is said to have to jB a greater ratio than Q has to D, 
when two whole numbers m and n can be found, such that 
mA is greater than nBy but mC7 not greater than %D \ or, 
such that mA is equal to %B^ but mC leas than f»D. 
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SECTION III. 

Ccntaining the Propositions most frequently referred to in 

Book VL 



Note 7. The Fifth Book of Euclid may be regarded in two 
aspects : jBrst, as a Treatise on the Theory of Eatio and Propor- 
tion, complete in itself, and depending in no way on the pre- 
ceding Books of the Elements ; and secondly, as a necessary 
introduction to the Sixth Book. 

If we make the number of references in Book vi. a test of 
the importance of particular Propositions in Book v., they 
will be arranged in the following order :— 

Proposition v. is referred to 23 timc«. 
„ VI. „ 14 

„ viii. ^ 7 

„ XXI. „ 5 

„ xvin. „ 3 

„ XII. „ 2 „ 

Propositions x., xi, xv., xvi., xix., xmi., are referred to (m^^ 

It is desirable, then, that the student should observe that 
the iStvru Propositions, which are of especial importance for 
Book VI., are included in this Section. 
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Proposition IV. 

If f (AIT magnitudes he proportionals, and any equimuUipks 
be taken of the first and third, and also any equvm/uUiples of 
the second and fourth, if the multiple of the first be greaier (hm 
that of the second, the multiple of the third m/ust he grealter ihan 
that of the fourth ; and if equal, equal ; and if less, less. 

Let .4 be to ^ as C is to D, 
and let any equimultiples mA, mC be taken of A and G, 
and any equimultiples nB, nD of B and D. 

Then if mA he greater than nB, mC must he greater than nD ; 
and if equal, equal ; if less, less. 

For if mA be greater than nB, but mC not greater than 
nD, then will A have ta ^ a greater ratio than C has to P; 
which is not the case. V. De£ 7. 

Hence if mA be greater than nB, mC must be greater than nD. 

Similarly it may be shown that, if mA be equal to, or less 
than, nB, mC must also be equal to, or less than, nD. 

Q. E. D. 

N.B, — We have added this Proposition to meet an objection, 
which might be made to a reference to Definition v., when the 
converse of that Definition is wanted. This reference is d 
frequent occurrence in Simson's edition. 



Proposition V. (Eucl. v. 11.) 

Ratios that are the same to the same ratio, are the same tcom 
another. 

Let J. be to ^ as is to D, 

and ^ be to ^ as is to D. 
Then must A be to B as E is tef F, 

' Take of ^, C, E any equimultiples mA, mC, mE^ 
and oi B, D, F any equimultiples nB, nD, nF, 



« I 






n 



Book v.] PROPOSITIONS CITED IN BOOK VL 223 

Then •/ -4 is to JB as is to D, 

.'. if 7^1-4 be greater than nB^ mC is greater than nD ; 
and if equal, equal ; if less, less. 7. 4. 

Again, •.* C is to D as j& is to ^, 
.*. if mC be greater than nD, mE is greater than nF ; 
and if equal, equal ; if less, less. Y. 4. 

Hence, if mA be greater than nB, mE is greater than nF ; 
and if equal, equal ; if less, less. 

.-. -4 is to 5 as ^ifl to J?'. V. Def. 5. 

Q. S. D. 



Proposition VI. (EucL v. 7.) 

Equal magmtvdes ham the same raiio to the same magni- 
tude ; and the same has the soma ratio to equal magnitvdes. 

Let A and B be equal magnitudes, and C any other magni- 
tude. 

Then must AhetoCasBistoG, 
and G must be to A as G is to B, 

Take mA and mB any equimultiples of A and B^ 
and nG any multiple of G, 

Then \* A = B, .'. mA =» mB. V. Ax. 1. 

.*. if mA be greater than nC7, mB is greater than nG ; 
and if equal, equal ; if less, less. 

. *. ^ is to C as JB is to 0. V. Def. 6. 

Again, if nG be greater than mA, nG is greater than mB ; 
and if equal, equal ; if less, less. 

.-. is to -4 a» C is to jB. V. Def. 8. 

Q. £. D. 
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Proposition X (EucL y. 12.) 

// cmy wwmJbw of mcbgnitvdes be proportumcdMj as one of the 
antecedente iatoiis consegueirU, so must aU Ihe antecedents taken 
together he to aU the consequents. 
Let any number of magnitudes A, B, C, D, E, F. . .be proportuuialsy 

that ia, AtoBsisOtoD and as ^ is to F,., 
Then mMst Ahe to B as A, G, E,. .together istoB,D,F., .together. 

Take of A, C, ^,...any equimultiples mA, ntC, mE... 
and of Bj D, ^...any equimultiples nBy nD, nF... 
Then '.'jiistoJ^asCistoD and as jEr is to F... 

.'. if mA be greater than nB, mO is greater than tiD, 
and mE is greater than nF... ; and if equal, equal ; if len^ 
less. V.i 

.*. if mA be greater than nB, mA, mC, m^... together an 
greater than nB, nD, n^... together; and if equal, equal; if 
less, less. 

Now mA and mA., mC, m^... together are equimultiplflB d 
A and Ay 0, ^...together. V. L 

And nB and nB, nD, tiJ^... together are equimultiples of 
B and J5, D, ^...together. 

.*. ^ is to £ as A, 0, ^...together is to £, D, ^...together. 

V.Defi 

Q. K.D. 

Proposition XI. (Eucl. v. 16.) 

Magnitudes ha/oe the same ratio to one another which Huif 
equvmultiples have. 
Let A be the same multiple of C that JS is of D. 

Then must Che to D as A to B. 
Divide A into magnitudes E, F, G^,...each equal to C, 
and B into magnitudes H, K, lir,...each equal to D, 
the number of the magnitudes being the same in both cases, 
because A and B are eqtmriuUvples of C and D. 

Then •.* E, F, G are all equal, 

and H, K, L are all equal 

.-. -E is to if, as J' to K, as G^ to L... V. 6 

.: E ia to H as E, F, G^... together is to ^, X, L.. 

together, V. 10 

that is, ^ is to H as JL to £ ; 
' and ••• E « G, m^ H -- D, 

.-. C ia to D aa A ^ B. ^ii.v 



r 
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SECTION IV. 
On Proportion by Inversion^ Alternation^ and Separation, 

Proposition XII. (Eucl. y. R) 

If four magnitudes he proportioncds, they must also he pro- 
partionais uken taken in/versely. 

Let ^betofasCistoD. 

Then vrvoe/nel/y B nvust hetoAeuDiatoC. 

Take of A and C any equimultiples mA and mC, 
and of B and D any equimultiples nB and nD, 

Then *.* ul is to JS as is to D, 

•*. if mA be greater than nB, mC is greater than nD ; and 
if equal, equal ; if less, less. V. 4. 

Hence, if nB be greater than mA, nD is greater than mC; 
and if equal, equal ; if less, less. 

.*. J3 i« to ^ as I> is to 0. V. Def. 5. 
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Proposition XIII. (EucL v. 13.) 

If the first has to the second the same raJbio which the third has 
to thefov/rthy but the fhvrd to thefowrth a greater ratio than the 
fifth has to the sixth ; the fi/rst must also hame to the second a 
greater ratio than the fifth has to the sixth. 

Let A have to B the same ratio that C has to D, 
but C to jD a greater ratio than E has to F. 

Then must A ha/ve to B a greater ratio than E has to F. 

For •.' C has to D a greater ratio than E has to F, 
we can find such equimultiples of and E, suppose mCandmJ^ 
and such equimultiples of D and F, suppose nD andnfi 
that mC is greater than nD, but mE not greater than nF, 

V. De£ 7. 
Then %• -4 is to JB as is to D, Hyp. 

and mC is greater than nD, 
/. mA is greater than nB. V. 4 

And mE is not greater than nF, 

.*. A has to jB a greater ratio than E has to F, V. De£ 7. 

Q. E.IX 



Proposition XIV. (EucL v. 14.) 

If the fi/rst has to the second the same ratio which (he iJwij 
has to thefowrth; then, if the fi/rst ht greaJter than the thiriH^] 
second must he greaJter than the fowrth ; and if equal, egwii 
and if less, less. 

Let A have the same ratio to B that has to D, 

Then if A he greaJter thorn, C, B must he greater than D, 

For \' Ah greater than 0, 
and B is any other magnitude, 
.*. A has a greater ratio to B \i)t\axL C\ka&\x^ B« T« S^ 
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But uiisto^asOistoD. 
.*. has a greater ratio to D, than Q has to B, V. 13. 
.% J5 is greater than D. V. 9. 

Similarly it may be shown that if ul be less than C, B must 
be less than D ; and that if ^ be equal to 0, ^ must be equal 
to 2>. Q. E. D. 



Proposition XV. (Eucl. v. 16.) 

If four magmtvdes of the same hind he proportiondts, they 
must also he proportionals when taken altemaJtdy, 

Let A^ By G, D be four magnitudes of the same kind, and 
letJ.be^jSas(7istol>. 

Then altemaiely A must he to C as B is to D, 

Take of A and B any equimultiples mA and mB^ 
and of C and D any equimultiples nC and nD. 

Then ••• mA is to mB as J. is to B, V. 11. 

and Cisto jDas.<listojE>, Hyp. 

.'. mA is to mB as is to D. V. 5. 

But nC is to nJD as is to D ; V. 11. 

and .'. mA is to mB as nO is to nD, V. 5. 

If .'. mA be greater than nO, mB is greater than nD ; 
and if equal, equal ; if less, less. V. 14. 

.*. ji 18 to Gas f is to JD. V. Def. 6u 

Q. K D. 
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Proposition XVI. (Eacl. v. 18.) 

If magnitudes taken separately he proportionals^ they must he 
proportionah also when taken jointly. 

Let A have the same ratio to B that C has to D. 

Then must A, B together ha/ve the same ratio to B, 
that C, D together has to D, 

First, when all the magnitudes are of the same kind, 
•.• -4 is to jB as C is to 2), 

.". -4 is to C as ^ is to D. V. 15. 

.*. Ay B together is to C, D together as JB is to P, V. 10. 

and .\ AyB together is to ^ as 0, 2) together is to 2). V. 15. 

Next, when all the magnitudes are not of the same kind, m 
may employ a method of proof which includes the fonner 
case : thus — 

Take of A, i?, 0, D any equimultiples mJL, mB, mC, wD, 
and of B and D take any equimultiples nB, nD, 

Then •.• -4 is to J5 as is to D, 

.% if mA be greater than nB, mC is greater than nD ; and 
if equal, equal ; if less, less. V. 4. 

If then mAy mB together be greater than mBy nB together, 

mCy mD together is greater than mC, nD together ; 

and if equal, equal ; if less, less. I. Ax. 2, 4 

Now mAy mB together is the same multiple of -4, B together 
that mCy mD together is of 0, D together ; V. 1. 

and mBy nB together is the same multiple of B 
that mDy nD together is of D. V. 2. 

.*. AyB together is to 5 as 0, 1> together is to D. V. De£ 6* 

Q.B.D. 

\ 

\ 
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SECTION V. 



Contatfting the Propositions occasionally referred to in 

Boon VL 



Proposition XVII. (Eud. v. 4.) 

Ifihtjwfi offowr magnitudes has to the second ihe same raiio 
vMck the {hird ha^ to the fourth, and a/ny equvmuUiples of ike 
first and tfdrd be taken, and also a/ny eguvmultiples of the second 
end fowrth, then must the muli^pU of the f/rst hone the sarnie 
Totio to the multiple of Ike second which the mvlUple of the 
DM has to that of the fowrth, 

UAhetoBBsCiaioD, 

and mA, mC be taken equimultiples of A and C, 
and nB, nD of jB and D, 

(hen must mA he to nB as mC is to nD. 

Take of mA, mG any equimnltiples pmA, pmC, 
and of nB, nD qnB, qnD. 

Then pmA, pmC are equimultiples of A and C, V. 3. 

and gnB, qnD oi B and D. Y. 3. 

And ••• -4 is to 5 as C is to D, 

.*. MpmA be greater than qnB, 

pmC is greater than qnD ; V. 4. 

-*^ if equal, equal ; if less, less. 

Then %• pmA, pmO are equimultiples of mA, mC, 
dJidqnB, qnD of nB, nD, 

.'. mA is to nB as mC is to nD. ^ V. Def. 5. 
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Proposition XVIII. (Eucl. v. A.) 

If the first of four magnitudes ha/oe the same ratio to the 
second ihai the third has to the fowrth, therif if the first be greater 
than the second^ (he (hvrd mv^t be greater them the fourth ; amA 
if equal, equal ; a/nd if less, less. 

Let -4 be to ^ as C is to D. 

Then if A be greaJter than B, C must be greater than D ; 
and if equal, equal ; and if less, less. 

Take any equinjultiples of each, mA, mB, mC, mD, 

Then %• ^ is to ^ as C is to i), 
/. if mA be greater than mB, mC is greater than mD ; 
and if equal, equal ; and if less, less. Y. 4. 

First, suppose A greater than B, 

then mA is greater than mB, V. Ax. 3> 

and .'. mG is greater than mD, 
and .'. (7 is greater than i>. V. Ax. i 

Similarly the other cases may be proved. 

Q. E.I)L 



Proposition XIX. (EucL v. D.) 

If the first be to the second as the third is to the fovrth, and if 
the first be a multiple, or a submultiple, of the second, the third 
mv^t be the same multiple, or the same submultiple, of tA< 
fourth. 

Let J. be to i? as is to D, 

and, first, let -4 be a multiple of B. 

Then must C be the same multiple of D. 

Let A—mB, and take mD the same multiple of D that A is of 5. 
Then *.• J. is to JB as is to D, 

,\ Amto mB as is to mD. V. 17. 

But A = mB, and .-. C ^ mD. V. 18. 



r 
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Next, let ^ be a if^ihin/M/pU of jB. 

Then, must Che the same subrmLtvpU of 2>. 

For ••• -4 is to 5 as C is to D, 

.-. B is to -4 as D is to C, V. 12. 

Now ^ is a multiple of JL, 

and .'. D is the same multiple of C, by the fiipt ca^e. 
Hence C is the same submultiple of D, that 4 is of JB. 

Q. s. D. 

Proposition XX. (Eucl. v. 20.) 

If there be three magnitudes, cmd other three, which have the 
sa/me ratio, taken two and two, then, if the fi/rst he greater than 
the third, the fowrth mttet Jfe grecUer than the sixth ; and if equal, 
equal ; if less, less. 

Let A, B, G be three mtignitudes, and D, E, F otfi^r three, 
and let ul be to £ as jD is to J^, 
and ^betoCasj^istoil 
Then if A he greater than C, D rrmst he greater than F ; and 
if equal, equal ; if less, lesp. 

First, U Ahe greater than C, 

A has to ^ a greater ratio than C has to B. V. 7. 

Bat C has to ^ the same ratio that ^ has to ^, Hyp. & Y. 12. 
.'. A has to JB a greater ratio than F has to E. 

.*. D has to ^ a greater ratio than F has to J^, V. 13b 

.*. D is greater than F, V. 9. 

Similarly the other cases may be proved. 

Q. & a 
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Proposition XXL (EucL r. 22.) 
-/^ ^ If (here he any nwmher of mcign/itudeSf cmd ae manif others, 
^^ which ha/ve ike same ratio taken two amd Uoo in ordeTf thefvrst 
^ must hame to the hat of thefvrst magnitudes the same raJkio which 
'^ thefvrst of the others has to the last of these. 

First, let there be three magnitudes A, By 0, and other 
three D, E, F. 
^ And let ^ be to £ as D is to J^, 

yW and 5 be to as j& is to J'. 

Then must A he to C as Disto F. 
Take of A and D any equimultiples mA, mD, 

oiBaxidE nJ5, nE, * 

of Cand^ .'pG.pF. 

Then *.* .i is to ^ ae D is to ^, 

.'. mA is to nB as ml) is to nE, V. 17. 

So also, nB is to pG as nE is to jpF, 
.*. if mA be greater than pC, mD is greater than pF, 
and if equal, equal ; if less, less. V. 20. 

.-. u4 is to as D is to J*. V. Del 6. 

The proposition may be easily extended to any number of 
magnitudes. Q. E. d. 

^ Proposition XXII. (EucL v. 24.) 
If thefvrst ham to the second the same raUo which the third 
has to thefov/rth, and the fifth hwoe to the second the sam>e raHo 
which the siocth has to thefowrth, then thefvrst a/nd fifth together 
must home to the second the same ratio which the third and staeth 
together hame to the fourth. 

Let ^ be to JB as Cia to i>, 
and ^ be to ^ as J' is to iA 
Then mAist A, E together he to B as 0, F together istoD. 
. For •.• ^ is to 5 as J' is to 2), 

.-. jB is to jS as D is to J'. V. 12. 

And •.• -4 is to B as C is to Z), 
and fisto^asD istoJ', 
.-. -4 is to j& as is to J*. V. 21. 

.•. Af E together is to j& as 0, ^ together is to F, V. 16. 
and ^ is to £ as ^ is to i> ; 

n\ A, E together is to J5 as C, jP together is to D. V. 21. 

Q. B. D. 
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SECTION VI. 

Containing the Propositions to which no reference is made 

in Book VI. ^ 

Proposition XXIII. (Eucl. v. 6.) 

If one magnitude be the sa/me m/ultiple of (mother^ which a 
fnagnitude taken from the first is of a m^nitude taken from the 
other, the remainder must he the same multiple of the remainder, 
that the whole is of the whole. 

Let B and D be the magnitudes which are taken away, 

and A and G the magnitudes which remain, 

then A, B together, and 0, D together will be the wholes. 

And let A, B together be the same multiple of 0, D together, 
that 5 is of 1>. 

Then must A he the same multiple of C thai A, B together is 
of C, D together. 

Take E the same multiple of C that ^ is of 1>, 

Then B, B together is the same multiple of 0, D together 
that 5 is of D. V. 1. 

But A, B together is the same multiple of 0, D together 
that 5 is of D. 

.•. Ey B together = A, B together, V. Ax. 1. 

and .uE ^ A. I. Ax. 3. 

.'. ^ is the same multiple of C that £ is of D. 

Q. E. D. 
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pBOPOsmox XXrV. (EucL t. C) 

If tKO maptitudet be equimultipUt of two oOkertj and if 
equimuUipUg of these be taken from tkefint two, the remaindan 
are either equal to theee others, or equimuUiples of them. 

Let B and D be the magnitades which are taken away, 

and A and C the magnitades which remain ; 

then A, B together and (7, D together will be the wholea 

Let Ay B together be the same multiple of P, 
that Cf D together is of Q, 
and let ^ be the same multiple of P, that D is of Q. 

Then must A and C he equal respectively to P and Q, 
or A and C be equimultipies of P and Q, 

For let Af B together = P, P repeated m-^n times, 

then 0, D together = Q, Q repeated m + n time& 

Also, let B ^ Pj P repeated n times, 

then D = Qf Q repeated n times. 

Hence A = P^ P repeated m times, 

and C = Q, Q repeated m times. 

If then JL = P, m = 1, and .-. C = Q ; 
and if ^ be a multiple of P, is the same multiple of Q, 
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Proposition XXV. (Eucl. v. 17.) 

. If rfKignittideSy taken jointly, he proportionalsy they shall also 
he proportionals when taken sepa/rately ; that is, if two magni- 
Utdes together have to one of them the same ratio which two 
others hame to one of these, the remaining one of the first two 
must ha/oe to the other the sa/nve ratio which the remaining one 
of the last tv)0 has to the other of these. 

Let A, B together have the same ratio to B 
that C, D together have to D. 

Then nrnst A he to B as G to D, 

Take of A, B, C, D any equiniultiples mA, mB, riiC, mD, 
and again of B, D take any equimultiples nB, nD. 

Then *.* mA is the same multiple of A that mB ia of B, 

.'. mA, mB together is the same multiple of A, B 
together thskt mA is of A, Y. 1« 

And •.• mO is the same multiple of C that mD is of D, 

.'. mC, mD together is the same multiple of C, D 
together that mC is of C. V. 1. 

But mA is the same nmltiple of A that mC is of C, 

.*. mA, mB together is the same multiple of A, B 
together that mC, mD togetfier is of 0, jD together. 

Again, mB, nB together is the same multiple of B that 
mD, nD together is of D. 

Now, since A, B together is to ^ as 0, D together is to D, 

.'. if mA, mB together be greater than mB, nB together, 

mC, mD together is greater than mJ}, nD together ; and if 

equal, equal ; if less, less. V. 4. 

That is, if mA be greater than nB, mC is greater than nD ; 

and if equal, equal ; if less, les& I. Ax. 3, 5. 

^•. ^ is to 5 as is to I>. V. Def. 5. 
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Proposition XXVI. (EucL v. 19.) 

If a wh/oU magnitvde he to a whole as a magnitude taken 
from the first is to a magnituds taken from the oiher, the re- 
mainder rmist be to the remainder as the whole istoihe whole. 

Let A, B together have the same ratio to C,D together that 
B has to D, 

Then must A be to C as A, B together isto C, D together. 

For •.• Af B together is to 0, 2) together as f is to 2), 

.\ A, B together is to ^ as C7, D together is to D, V. 15 
and .'. J. is to 5 as (7 is to jD, V. 25. 

Hence ul is to as £ is to D. V. 15. 

But A, B together is to C, 2) together as JS is to J>. Hyp. 
.*. ^ is to Cas ^, £ together is to 0, 2> together. V. 6. 

Q. E.D. 

Proposition XXVII. (EucL v. 21.) 

If there betthree magnitudesy and other threey which have tiu 
sa/me ratio, taken two and two, but in a cross order, then if (he 
first be greater than the third, the fowrth must he greoUer than 
the sixth ; and if equal, equal ; and if less, less. 

Let A, B, C be three magnitudes, and D, E, F other three, 
and let ^ be to £ afi ^ is to ^, 
and ^ be to as D is to ^. 
Then if Abe greater than C, D must be greater than F; 
and if equal, equal ; and if less, less. 
First, if A be greater than C, 

A has to ^ a greater ratio than C has to B, V. 7. 
and .*. E has to ^ a greater ratio than C has to B, V. 13. 

Now %• jB is to C as D is to J^, Hyp. 

.-. is to -B as -E is to D. V. 12. 

Hence E has to i^ a greater ratio than E has to D, 

,'.1) is gi'eater than F. V. ft 

Similarly the other ciwes may be proved. 
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Proposition XXVIIL (EucL v. 23.) 

If 1heT€ he cmy nvmber of m/igwUudeSf and as mam/y others, 
which ha/oe the scums raiio, taken two a/nd two in a cross order, 
the first must home to the last of ihefwst magnitudes (he same 
ratio which the first of the others has to the last of these. 

Let A, By (J be three magnitudes, and JO, S, F f>»*>»<^r thrpe^ 
axid let J. be to J? as j^ is to F, 
and J?betoOasi)istoJ^. 
Then must A be to C as Bis to F, 

Of Ay By D take any equimultiples mA, mJ5, wiD, and 
of Cy By F take any equimultiples nCy nE, nF, 

Now '.- ji is to J^ as ^ is to J*, 

.'. mA is to mB as nB is to nF ; V. 11, and Y. 5. 

and '.' fisto Cas Distoj^, 

.-. mB JB to nC as mD is to nB. Y. 17. 

Hence, if mA be greater than nCy mD is greater than nF y 
And if equal, equal ; and if less, less. Y. 27. 

.-. ^ is to Cas D is to J*. Y. Def. 5. 

The proposition may be easily extended tu any number of 
niagnitttdfitt. <>. jld. 



;240 EUCLID'S ELEMENTS, IBocA V. 



Proposition XXIX. (EucL t. 26.) 

If f&wr magmtudes of the samfi kind be proportitmalSf the 
greatest and least of them together m/ust he greater than the other 
two together. 

Let J. be to £ as is to i), 
and let A be the greatest of the four magnitudes^ and conse- 
quently D the least. V. 18, and V. 14. 

Then must A, D together be greater than B, C together. 

Let A =B B, P together, and C =^ D, Q together. 
Then \' B^P together is to £ as D, Q together is to D, 

.-. P is to ^ as C is to i>, V. 25. 

and B is greater than JD. 

.'. P is greater than Q. Y. 14. 

Hence P, By D together are greater than Q, By D 
together. L Ax. 4. 

m\ AyJD together are greater than JB, C together. 
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Proposition XXX. (Eucl. v. C.) 

If the first be the same multiple of the second, or the same 
svhmvltvple of it, thai the third is of the fovHh, the first miLst 
be to the second cu the third is to thefov/rth. 

First, let J. be the same multiple of B, that C is of i). 
Then must AbetoBasCistoD, 

Let A^pB and .•. C = pD, 

Take of A and C any equimultiples mA, mO, 
and of B and Dany equimultiples nB, nD. 

Then mA = mpB and mC «= mpD, V. 3. 

Now if mpB be greater than nB, 
mpD is greater than nl) ; 
and if equal, equal ; if less, less. 

That is, if mA be greater than nB, mC is greater than nD ; 
and if equal, equal ; and if less, less. 

.-. ii is to J5 as is to D. V. Dei 5. 

Kext, let A be the same submultiple of B, that (7 is of D. 
Then must A be to B as G is to D. 

For *.' ^ is the same submultiple of B, that is of !>, 
.". ^ is the same multiple of J., that D is of (7, 
. '. jB is to ^ as JD is to 0, by the first case, 

and . *. J. is to £ as C is to D. V. 12. 

Q. B.D. 



17 
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Proposition XXXI. (Eucl. v. R) 

Iffowr magnitudes he proportionals, they rmist also be pro- 
portionals by eorwersion ; that is, the first must be to its excess 
above the second <u the third is to its excess above the fourth. 

Let A, B toj^ther be to ^ as 0, D together is to D. 
Then must A, B together beto AasCjD together isto C. 

For *.' Ay B together is to J3 as C, 2) together is to D, 

.'. ^istoJBas OistoD, ¥.25. 

and .% ^ is to ji as Z> is to C7, Y. 12. 

and .*. A, B together is to Jl as 0, 2) together is to 0. V. 16. 

^ 1B.D. 



BOOK VI. 

INTRODUCTORY REMARKS. 

The chief subject of this Book is the Similarity of Recti- 
linear Figures. 

Def. I. Two rectilinear figures are called dmUa/Tf when they 

satisfy two conditions : — 

I. For every angle in one of the figures there must be a 
corresponding equal angle in the other. 

II. The sides containing any one of the angles in one of the 
figures must be in the same ratio as the sides containing the cor- 
responding angle in the other figure: the antecedents of the ratios 
being sides which are adjacent to equal angles in each figure. 

Thus ABC and DEF are similar triangles, if the angles at 
A,B, be equal to the angles at D, E, F, respectively, and 
if BA be to AG as ED is to DF, 
and AC he to CB as DF is to FE, 
and CB be to BAasFE is to ED, 





C E 

The sides adjacent to equal angles in the triangles are thus 
. h^omologous, that is, BA, AC, CB are respectively homologous 
tK> ED, DF, FE, 

It will be shown in Prop. rv. that in the case of triangles the 
r Second of the abovejconditions follows from the first. 

In the case of quadrilaterals and polygons both condi- 
ttons are necessary : thus any two rectangles have each angle 
OC the one equal to each angle of the other, but they are not 
'■ Necessarily similar figures. 

; N,B. — ^The very important Prop. xxv. (Eucl. vi. 33) is indepen- 
R ^«nt of all the other Propositions in this Book, and might he 
*^aced with advantage at the very commenc^TafiiA ol^i3t^fc'^<iOs- 
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Proposition I. Theorem. 

Tria.'njqlu of the same altitude^ are to one another as their 
boises. 

A. 




Let the A s ABC^ ADC have the same altitude, that is, the 
perpendicular drawn from A to BD. 

Then must A ABC he to A ADC as base BC is to ha^e DC. 

In DB produced take any numher of straight lines 
BG, GH each= J50. L 3. 

In BD produced take any number of straight lines 
DK, KL, LM each=DC. I. 3. 

Join AG, AH; AK, AL, AM. 

Then •/ CB, BG, GH are all equal, 

/. AS ABC, AGB, AHG are all equal I. 38. 

.'. A AHC is the same multiple of a ABC that HC is of EG, 

So also, 
A AMC is the same multiple of a ADC that MC is of DC. 

And A AHC is equal to, greater than, or less than A AMC, 

according as base HC is equal to, greater than, or less than 
base MC. I. 38. 

Now A AHC and base HC are equimultiples 
of A ABC and base BC, 

and A AMC and base MC are equimultiples 
of A ADC and base DC. 

.\ A ^50 is to A -dL2>Oasbase-BOistobasei>C. V.Def. 5. 

Q. £. D. 
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Cor. I. Parcdlelogrcmis of the same altitude are to one another 
as their bases. 

Let ACBE, AGDF be parallelograms having the same alti- 
tude, that is, the perpendicular drawn from A to BD, 

Then must CJAGBE be to CJ ACDF as BC is to DC. 




For O^CBJSr= twice A ABC, I. 41. 

and O^CZ>^= twice A ADC. I. 41. 

.'.CJACBEisto C7 ACDFs^aAABCiato A ADC, V. 11. 
usid.'.lIJACBEiatonJACDFaiS BC is to DC. V.5. 

Q. E. D. 

Cor. II. Triangles and Parallelograms, thai have equal 
ol^udes, a/re to one another as their bases. 

Let the figures be placed, so as to have their bases in the 
sune straight line ; and having drawn perpendiculars from the 
vertices of the triangles to the bases, the straight line, which 
joins the vertices, is parallel to that, in which their bases axe, 
because the perpendiculars are both equal and parallel to one 
another. 1. 33. 

Then, if the same construction be made as in the Proposition, 
tiifi demonstration will be the same. 

Ex. 1. ABC, DEFaLte two parallel straight lines ; show that 
tile triangle ADE is to the triangle FBC as D^ is to BC. 

Ex. 2. If, from any point in a diagonal of a parallelogram, 
fni|^t lines be drawn to the extremities of the other diagonal, 
bfonr triangles, into which the parallelogcamiaVXveri. ^\N\.^<i^. 
"^ be eqaa]^ two and two. 
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Proposition II. Theorem. 

If a straight line be dravm parallel to one of the sides of a 
triangle, il must cut the other sides, or those sides producedy pro- 
portionally. 





Let BE be drawn || to J5C, a side of the A ABC. 
Then must BD he to DA as CE to EA, 
Join BE, CD, 

Then *.• A BDE^ A CDE, on the same base DE 

and between the same lis, DE, BC, I. 37. 

.-. A BDE is to A ADE aa A CDE is to A ADE V. 6. 

But A BDE is to A ADE aa BD is to DA, VI.l. 

and A CDE is to A ADE aa CE is to EA ; VI. 1. 

BD is to DA as CE is to EA, V. 5. 

Ex. 1. If any two straight lines be cat by three parallel 
lines, they are cut proportionally. {N,B, — This is of great 
use.) 

Ex. 2. If two sides of a quadrilateral be parallel to each 
other, a straight line, drawn parallel to either of them, shall 
cut the other sides, or these produced, proportionally. 
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And Conversely, 

If the sides, or tke sides produced, be cut proportionallyy the 
straight Ivne wh/ieh joins the points of section must be pa/rallel to 
Ihe rema/ining side of the triangle. 

Let the sides AB, AC of the A ABC, or these produced, 

be cat proportionally in D and E, so that 

^D is to 2>^ as 0^ is to EA, 
and join DE, 

Then rtvust DE be pa/rallel to BC, 

The same construction being made, 
•/ -BD is to 2>^ as CJ^ is to EA, 
and ^D is to D^ as A BDE is to A ADE, VI. 1. 

and a& is to JEf^ as A CDE is to A ADE, VI. 1. 

.\ A BDE is to A ADE as A CDE is to A ADE, V. 5. 
and .-. A BDE:== A CDE ; V. 8. 

and they are on the same base DE ; 

.-. DE is II to BC. I. 39. 

Q. JB. D. 

Ex. 3. If there be four parallel straight lines, two of these 
lines intercept upon two given lines, of unlimited length, OA, OB, 
parts proportional to the parts intercepted upon OA, OB, by 
the remaining two parallel straight lines. 

Ex. 4. If the four sides of a quadrilateral figure be bisected, 
the lines joining the points of bisection will form a parallelo- 
gram. 

Ex. 5. A quadrilateral figure has two parallel sides : shew 
that the straight line, joining the point of intersection of its 
other two sides produced and the point of intersection of its 
diagonals, bisects the two parallel sides. 
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Proposition III. Theorem. 

If the vertical angle of a triangle be bisected by a straight 
liney which also cuts the base, the segments of the base must have 
the same ratio, which the other sides of the triangle ha/ue to one 
another. 




Let z BAG of A ABC be bisected by the st. line AD, 
which meets the base in D. 

Then must BD be to DC as BA is to AC. 
Through C draw CE || to DA, ' I. 31. 

and let BA produced meet CE in E, 

Then z J?^Z)= interior z AEC, I. 29. 

and z CAD =altemate z ACE, I. 29. 

Bat z BAD= z CAD, by hypothesis, 

and .-. z AEC= z ACE, Ax. I. 

and .-. AC = AE. I. b. Cor. 

Then •/ AD is || to EC, a side of A BEC, 

.-. BD is to DC as BA is to AE, VI. 2. 

and .-. ^D is to DC as ^^ is to AC. V. 6. 

Ex. 1. Shew that in a parallelogram the diago als do not 
bisect the angles, unless the sides are equal. 

Ex. 2. Shew how to trisect a straight line of finite length. 

Ex. 3. Shew that the bisectors of the angles of a triangle 
meet in the same point. 

Ex. 4. The bisectors of the angles A and C, of a triangle 
ABC, meet the opposite sides in the points D and F : BA and 
BC are produced to F' and D', so that AF', ^Oand CD are 
aJJ equal : prove that J"I/ is parallel to FD. 
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And Conversely, 

If the segments of the base ha/oe the same raiio, which the other 
sides of the triangles have to one another, the straight U/ne^ 
dra/um from the vertex to the point of section, must bisect the 
vertical angle. 

Let BD be to i>0 as ^J. is to ACy 

and join AD, 

Thm must L BAD= i CAB. 

The same construction being made, 

•/ J5D is to DOas J5^ is to AG, Hyp. 

and ^D is to i>0 as BA is to AE, VI. 2. 

.-. J5^ is to ^C as JB^ is to AE, V. 5. 

and .-. AC=AE, V. 8. 

and .-. z AEC = i ACE, I. a. 

But I ^j&0= exterior z BAD, I. 29. 

and I ^CJ^=altemate z CAD, 1. 29. 

/. z BAD^ L GAD. Ax. 1. 

Q. E. D. 

Ex. 5. Two straight lines are drawn, bisecting the angles at 
the base of an isosceles triangle. Shew that the straight line, 
joining the points, in which they cut the sides, is parallel to the 
base. 
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Proposition A. Theorem. 

If the exterior angle of a triangle be bisected by a gtra/iglU UUy 
which oho cuts ihe base produced, the segments, between Ihe 
dividing straight line and the extremities of the ba^e, must Ime 
the same ratio, which the other sides of the triangle ha/ve to am 
another. 




Letz EAC, an ext'z of the a ABQ, be bisected by the 
St. line AD which meets the base produced in D. 
Then must BD he to DC cw BA is to AC, 

Through draw CF \\ to DA, meeting AB in F. 1. 31. 

Then i EAD^m\j&nov i AFC, I. 29. 

and z CAD =alternate z ACF, I. 29. 
But z EAD= L CAD, by hypothesis. 

,\lAFC^ lACF, Ax.1. 

and .-. AC^AF, 1. b. Cor. 
Then •.* AD is || to FC, a side of A FBC, 

.-. BD is to DO as J5^ is to AF, VI.2. 

and .'. BD is to DC as 5^ is to AC, V. 6. 

Ex. 1. If the angles at the base of the triangle be equal, 
how is the proposition modified ? 

Ex. 2. If B be any point in a straight line AC, intersected 
by another, CD, give a geometrical constraction for detennin- 
ing a point D in CD, such that AD is to DB aa ACia to CB. 
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And Conversely, 

If the segments of Hie hose ^produced have ike same ratio, which 
ihe other sides of the triangle home to one another, the si/ra/ight 
line drammfrom the vertex to Ihepovnt of section mv>st bisect the 
exterior a/ngle of the triangle. 



Let BDhetoDGa&BAiaio AO, 

and join AD» 

Then must i CAD=' L BAD. 

For, the same construction being made, 

•/ ^D is to DC as J5^ is to AC, Hyp. 

and BD ia to DC as BAia to AF, VI. 2. 

.-. JB^ is to ^Cas J5-4 is to AF, V. 5. 

land .-. AO==AF, V. 8. 

jand /. z AFC-= l ACF. I. a. 

But I ^JP'C^exterior i BAD, , I. 29. 

and JL -4 OJP'^ alternate z CADy I. 29. 

and /. z CAD= z BAD. Ax.h 

Q. E. D. 



Ex. 3. If the base be divided into two segments, having the 
same ratio with the segments specified in the Proposition, the 
straight lines, drawn from the two points of section to the vertex 
of the triangle, are at right angles to each other. 

Ex. 4. If the angle, between the internal bisector and a 
side, be equal to the angle, between the external bisector and 
the base, the perpendicular to the greater side, through the 
vertex, will bisect the segment of the base, cut off between 
the bisecting lines. 
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Proposition IV. Theorem. 

The sides about the equal angles of triangles^ which a/re equi- 
angular to one another, are proportionals ; and those which are 
opposite to the equal angles, a/re homologotis sides. 





Let ABC, DEF be two A s, having the i^9,i A,B,C equal 
to the L B &t D, Ey F respectively. 

Then must the sides about the equal Ls he proportionals, 
those being homologous sides, which are opposite the equal L s. 

For suppose A DEF to be applied to a ABC, 
so that D coincides with A and DE flails on AB ; 
then ••• I BAG = z EDF, .'. DF wiU faU on AG. 

Let G and H be the points in AB and AG, or these pro- 
duced, on which E and F fedl. 
Join QH. GH will be || to BG, v l AGK^ l ABG. L 28. 

* Then BAhaio GA 2a GAh&to HA, VI. 2. 

and .-. BA is to ^D as 0^ is to FD, V. 6. 

whence BA is to ^0 as j&D is to DF. V. 15. 

Similarly, by applying the A DEF, so that the la&t F, E 
may coincide with those at 0, B successively, we might show 
that 

JLOis to OB as DJ" is to FE, and that 
OB is to -B^ as JP'JE? is to ED. 

Q. B. D. 

Ex. Divide a given angle into two parts, such that the 
perpendiculars from any point of the dividing line upon the 
two arms of the angle may be in a given ratio. 
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Peoposition V. Theorem. 

If the sides of two triangles, about each of thei/r angles, he 
proportionals, the triangles must he equiangular to one another, 
and must ha/oe those angles equal, which are opposite to the homo- 
logous sides. 





Let the A s ABC, DEF have their sides proportional, 
so that BA m to AG B& ED is to DF, 
and AG is to 05 as Dl^ is to FE, 
and CB is to BAasFE is to ED, 
Then must A ABG he equia/agular to A EDF, those L s 
heing equal, which a/re opposite to the homologous sides, thai is, 
I BAG=^ L EDF,&nd i ABG=: l DEF, and l AGB= l DFE, 
In AB, produced if necessary, make AG=DE, 

and draw GH II to BG, meeting AGinH, I. 31. 

Then A ^C?jff is equiangular to A ABG, I..?P. 

and .*. BA is to AG as GA isio AH, VI. 4. 

But ED is to DF2& BA is to ^0; Hyp. 

and .-. ED is to DF2& GA is to AH, V. 5. 

But ED=^GA, and .-. DF=AH, V. 14. 

So also it may be shown that GH=EF. 
Then in as AGH, DEF 
\' GA=ED, and AH=-DF, and HG=FE, 
.-. z GAH= L EDF ; l AGH=^ l DEF ; l AHG= l DFE, 

I. c. 
But L GAH== L BAG; l AGH= l ABG; l AHG= l AGB, 
.-. L BAG= L EDF ; l ABG=^ l DEF, and l AGB= l DFE, 

Q. E. D. 
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Proposition VII. Theorem. 

If two triangles have one angle of the one equcU to one a\ 
of the other, and the sides about a second angle in ea/ih propor- 
tionals ; then, if the third angles in ea/ih he both acute, bo& 
obtuse, or if one of them be a right angle, the triangles musi 
be equiangula/r to one another, and must have those aii 
equal, about which the sides are 'proportionals. 





In the AS ABC, DBF, let z BAC= a EDF, 

and let AB be to BC as DE is to EF, 

and let z s AGB, DFE be both acute, both obtuse, or let 
one of them be a right angle. 

Then must A s ABC, DEF be equiangular to one anofh^^ 
having l ABC= l DEF, and i ACB= l DFE. 

For if z ABC be not= z DEF, let one of them, as z ABO, 
be greater than the other, and make z ABG= z DEF, 1. 23. 

and let BG meet ACmG. 

Then •.• z BAG= z EDF, and z ABG^ z DEF, 

.*. A ABG is equiangular to A DEF, I. 32. 

and .-. ^5 is to ^a as DE is to EF. VL4, 

But AB is to BC as DE is to EF, Hyp. 

.-. AB is to BGq&AB\b to BG, V. 5, 

and .-. BG==BC, V. 8. 

and .-. z BCG^ l BGC. I. a. 
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First, let l AQB and l DFE be both acute, 

then z AQB is acute, and .*. z BGC is obtuse ; L 13. 
.*. I BCG is obtuse, which is contrary to the hypothesis. 

Next, let I ACB and z DFE be both obtuse, 

then z AQB is obtuse, and .*. z BQG is acute ; I. 13. 
.*. i BCG is acute, which is contrary to the hypothesis. 

Lastly, Jet one of the third z s ACB, DFE be a right z . 
If z -4GBbeart.z, 

then z BGC is also a rt. z ; I. A. 

.•. z B J5CG^, J5G^C together=two rt. z s, 
which is impossible. I. 17. 

Again, if z DFE be a rt. z , 

then z AGB is a rt. z , and .*. z BGO is a rt. z . 1. 13. 

Henoe z BCG is also a rt. z , La. 

and .'. z s BCG, BGC togethers=two rt z«s, 

which is impossible. L 17. 

Hence z ABC is. not greater than z DEF. 

So also we might shew that z DEF is not greater than 

z ABO. 

.-. z ABO = z DEF, 

and .-. z ^GB = z 2>jP^. L 32. 

Q. E. D. 

NJB. — This Proposition is an extension of Proposition s of 
Book I. p. 42. 

Note, — ^We haye made a slight change in Euclid's arrange- 
ment of the four Propositions that follow, because Eucl. vi. 8 
is closely connected with the proof of EucL vi. 13. 
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Proposition VIIL Problem. (Eud. vi. 9.) 
jFVom a given straight line to cut off any suhmultiple. 




Let AB be the given st. line. 

It is required to shew how to cut off any suhmultiple from AB. 

From A draw AG making any angle with AB, 

In AG take any pt. Z), and make AG the same multiple of 
AD that AB is of the suhmultiple to be cut off from it. 

Join BG, and draw DE || to BG. I. 31. 

Then •.• ^D is || to BG, 

.-. GD is to DA as BE is to EA, VI. 2. 

and .-. 0^ is to D^ as 5^ is to EA. V. 16. 

.'. EA is the same suhmultiple oiBA that DA is of CA. 

y. 19. 

Hence from AB the suhmultiple required is cut off. 

Q. £• F» 

Ex. 1. Cut off one-seventh of a given straight line. 
Ex. 2. Cut off two-fifths of a given straight line. 

Note, — This Proposition is a particular case of Proposi- 
tion IX. 
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Proposition IX. Problem. (EucL vi. 10.) 

To divide a given straight line simila/rly to a given straight 
line. 

A 




Let AB be the st. line given to be divided, and AO the 
divided st. line. 

It is required to divide AB similarly to AC, 
Let -40 be divided in the pts. D, E, 

Place ABy AG so as to contain any angle. 
Join BC, and through D, E draw DF, EG || to BO, I. 31. 
Through D draw DHE || to AB. L 31. 

Then *.• FS and GK are Os, 

• .-. FG=DH, and GB^HK L 34. 

And V HE is || to KG, 

.-. KH is to HD as GE IS to ED, VI.2. 

that is, 56? is to GfjP as GE is to ED. 

Again, •.• FD is || to GE, 

.-. GF is to J?^^ as ED is to DA. VI. 2. 

Hence ^J5 is divided similarly to J.C 

Q» E. F. 

Ex. 1. Produce a given straight line, so that the whole pro- 
dnced line shaU be to the produced part in a given ratio. 

Ex. 2. On a given base describe a triangle, mtk ^ ^^st 
Ttttical angle and its aides in a given ratio. 
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Proposition X. Problem. {Eucl. vi. 11.) 
To find a third ;pToportuyMl U> two given fStrofighJt lines. 




Let AB and AC he the given st. lines. 

It is required to find a third proportioned to AB, AG* 

Place AB, AC so as to contain any angle. 

Produce AB, AC to D and B, maJdng BD^AC L 3. 
Join BG, and through D draw DB II to BG, I. 31. 

Then •.• 50 is || to DE, 

.-. ^JB is to £1> as -40is to CE, VI. 2. 

and .-. AB is to ^0 as AC is to CE. V. 6. 

Thus 0^ is a third proportional to >9 and -4(7. 

Q. E.F. 

Note. This Proposition is a ^ .ticular case of Proposition xi. 

Def. IL When three magnitudes are proportionals, the first 
is said to have to the third the duplicate ratio of that, which it 
has to the second. 

Thus here AB has to CE the duplicate ratio of AB to AC. 

Def. III. When three magnitudes are proportionals, the first 
is said to have to the third the ratio compounded of the ratio, 
which the first has to the second, and of the ratio, which the 
second has to the third. 

Thus here AB has to CE the ratio compounded of the 
ratios of AB to AC and AC to CE. 
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PlioposiTiON XI. Thborbm. (BuoL VI. 12.) 

To jind a fourth proportiondl to three given strcdght 
lines. 




Let A, Bf C be the three ^ven st. lines. 

It is required to find a fourth proportimial to A, B^ C, 

Taike DM, DF, two st. Hues making an i EJDF, and in these 

make DG=A, GE^B, and I>H=^ C, , I. 3. 

and through E draw EF H to GH. I. 31. 
Then, V GH IS \\ to EFy 

.-. DG la to GEa» DS is to HF, VI.2. 

and ,', A is to 5 as (7 is to HF. V. 6. 
Thus. ^J' ia a fourth proportional to A^ B, C, 

Q. E. F. 

Ex. ABC is a triangle inscribed in a circle, and BD is 
drawn to meet the tangent to the circle at A in D, at an angle 
ABD equal to the angle ABC. Show that ^C is a foiirth 
proportional to the lines BB, DA, AB. 
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Proposition XII. Theorem. (EucL vi. 8.) 

In a right-angled triangle, if a perpendicida/r be dravm from 
the right angle to the base, the triangles on each side of it are 
similar to the whole triangle and to one (mother. 




B JO 

Let ABC be a right-angled A , having i BAG a rt z , and 
from A let AD be drawn x to BG, 

Then must as DBA, DAG be similar to A ABC, and to 
each other. 

For •/ rt. z BDA^ri. l BAG, and L ABD^ i CBA, 

.-. lDAB^lACB. 1.32. 

.*. A DBA is equiangular, and .*. similar to A ABC, VI. 4. 
In the same way it may be shown 

that A DAG is equiangular, and .*. similar to A ABC, 
Hence A DBA is similar to A DAG, 

CoR. I. DA is a mean proportional between BD and DO, 
For BD is to D^ as i)^ is to DG. VI. 4. 

Cor. II. BA is a mean proportional between BG and BDj 
For BG is to 5^ as BA is to BD, VI. 4. 

CoR. III. GA is a mean proportional between BG and CD, 

For ^Ois to GA as GA is to GD. VI. 4. • 

Q. E. D. 

Ex. JB is a fixed point in the circumference of a circle, whose 
centre is C ; PA is a tangeiA ^\» ^^ ^^\sS, P ^xciafc^MaL^ GB pro- 
duced in A, and PD is dxavni iper^eT^^vsviWXl V^ C,^. '^^'^'^ 
that the line bisecting t\ie asis\e APD ^\>i»^i^^^%^'a»'^^^^^ 
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Proposition XIII. Problem. 

I , 

To find a mean 'proportional between two given straight 
lines. 




Let AB and BC be the two given st. lines. 
It is required to find a mean proportional between AB 
andBC, 
Place AB and BC so as to make one st. line AC, 
and on AC describe the semicircle ADC. 
From B draw BD± to AC, and join AD, CD. I. 11. 

Thenv i ADC ia a. it. i , 111.31. 

and DBis±to AC, 
.'. DB is a mean proportional between AB and BC. 

VI. 12, CoR. 1. 

Q. E. F. 

Ex. 1. Produce a given straight line, so that the given line 
may be a mean proportional between the whole line and the 
part produced. 

Ex. 2 Shew that either of the sides of an isosceles triangle 
is a mean proportional between the base and the half of the 
segment of the base, produced if necessary, which is cut off 
by a straight line, drawn from the vertex, at right angles to 
the equal side. 

Ex. 3. Shew that the diameter of a circle is a mean propor- 
tional between the sides of an equilateral triangle and a 
hexagon, described about the circle. 

-Ex: 4. From a point A, outside a cvt(Aft, ^ Vcaa S& ^x^^ro.^ 
vtting the circle in B and 0. "Find at m^^a ^tQ^^^^sso5^ 
"itween AB and A C. 
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Proposition XV. Theorem. 

Eqval irianghSf which have one angle of the one equal to (nu 
angh of the other, ha/oe their sides ahout the equal angks recip- 
rocally proportional. 




Let A BCy ABE be equal A s, having iBAC^i DAE. 

Then must CA he to AD as EA is to AB, 

Place the A s so that CA and AD are m the same st. line ; 
then must EA and AB also be in one st. line. 1. 14. 

Join BD. 

Then •.' A ABC= A ADE, and ABD is another A , 

.\ t.ABC is to A ABD as A ADE is to A ABD. V. 6. 

But as A JJ50 is to L ABD so is CA to AD, VI. 1. 

and as A JDE is to A^^D so is E^ to AB. VI.l. 

.-. CA is to ^D as ^^ is to AB. V. 5. 

Ex. 1. Shew that, provided the sides of one of the triangles 
be made the extremes, it is indifferent, so far as the truth of 
the Proposition is concerned, in what order the sides of the 
other triangle are taken as the means of the four pro- 
portionals. 

Ex. 2. ABh, AcC are two given straight lines, cut by two 
others BO, be, so that tYie two U\a.\i^^ ABC, AU ^aa.^ ^ 
"aal ; shew that the lines BC,hc ^ny^^ ^-a^ ^^^^^ ^^^^^* 
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And Conversely, 

Triangles, which, ha/ve one cmgle of the one equal to one angle 
of the other, amd (heir sides about the equal angles redprocally 
^oportionaily an'e equal to one a/nother. 

Let the sides about the equal z s be reciprocallj proportional, 
that is, let (LI be to ^jD as ^^ is to AB. 

Then must A -45C= A ADE. 

For, the same construction being made. 

•.• CA la'toADasEAia to AB, 

and that 04 is to ADastiABC is to A-4JBD, VI. 1. 

and that ^ul is to AB as ^ ADE ia to £^ ABD, VI. 1. 

.-.A^JBCistoA^jBjDaaA^jD^istoA^^D. V. 5. 

and .-. A ABC^ A ABE. V. 8. 

Q. E. D. 

Ex. 3. Through the extremities of the base BC, of a triangle 
ABCy draw two parallel lines, BE and CD, meeting AC and 
AB produced in E and D respectively, so that BCD may be 
equal in area to ABE, 

Ex. 4. P is any point on the side AC, of the triangle ABC; 
CQ, drawn parallel to BP, meets AB produced in Q ; AN, 
AM are mean proportionals between AB, AQ, and AC, AP, 
respectively. Shew that the triangle ANM is equal to the 
triangle ABC* 
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Proposition. XVI. Theorem. 

If four straight lines he proportionahy the rectcmgh eonkdiud 
by the extremes is equal to the rectan>gle corUcdned by ike mmmt. 



E. 



^-T N 



-If 



M 



M ■" .J 




Let the four st. lines AB^ CP, EF^ GH be proportionab, 
so that ^J5 is to CD as ^J?' is to GH. 

Then must rect. AB, GH=rect. CD, EF. 

Draw AMi. to AB, and CNi. to OZ) ; L U. 

and make AM^ GH, and GN=^EF ; 

and complete the Os BM, DN. 1. 81. 

Then •.' AB ia to CD a&EFk to GJS, 

and that EF=CN, and GH^AM, 

.-. AB is to CD as CiV^ is to AM. V. ft 

Thus the sides about the equal z s of the equiangoltf 
ZI7s BM, DN are reciprocally proportional, 

and .-. O BM=CJ DN ; VI. U 

that is, rect. AB, ^M=rect. CD, CN, 

.-. rect. AB, GE =Tect. CD, EF, 

Ex. 1. If J^ be the middle point of a semicircular arc AEBf 
and EDO be any cboTd, c\3Lt\.m^ \Jftfe ^\«?pftfe\.^x m D^and the .1 
circle in C, prove tliat tYie ac\via.x^ o\i CE \^ ^«^^\si\j^>sfc'^ 
quadrilateral AEBC, 
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And ConTenely, 

Tf Ihe tedttngh eaniained by tke exbrenui be eqwd to Ae rtd" 
angU eontained hy (Jbe vuansy ihe fow ttraigfU lines an pro- 
fortionals. 

Let lect AB, GH^recL CD, EF. 

ThenmmtABbetoCDasEFistoOH. 

For^ the same constnictiaii being made, 

V lect. AB, GH-^iecL CD, EF, 

.\ reot AB, -41f =recL CD, CN, 
ihs^iA,iDBM^CJDN. 

and these Os are eqniangnlar to one anol^ef, 

and .*. the flideB about the equal zs are reciprocally 
propoitionaly YI. 14. 

and .*. jIB is to OD as CN\& to AM, 

and .'. .ijB is to CD as J^^ is to GE. Y. 6. 

Q. E.D. 

Ex. 2. If, from an angle of a triangle, two straight lines be 
drawn, one to the side subtending that angle, and the other 
catting from the circumscribing circle a segment, capable of 
containing an angle, equal to the angle, contained by the first 
drawn line and the side, which it meets ; the rectangle, con- 
"tained by the sides of the triangle, shall be equal to the rect- 
angle, contained by the lines thus drawn. 
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Proposition XVII. Theorem. 

If th/ne straight lines be proportionals, the rectangle contained 
by the extremes is equal to the square on the mean. 



A- 







Let the three st. lines A, B, C he proportionals^ and let 
^betoJ^as^istoO. 

Then must rect A, C=sq, on B. 
Take D=5. 
Then %• ^ is to J? as jB is to (7, 

/. J. is to J5 as D is to 0, V. 6. 

and .'. rect. A, C==rect. B, D, VI. 16. 

that iS; rect. Af 0=sq. on B, 

And Conversely, 

If the rectangle contained by the extremes be equal to the 
square on the mean, the three straight lines are proportionals. - 

Let A, B, Che three straight lines such that 

rect. Ay 0=sq. on B, 
Then must A betoBasBistoC, 
For, the same constraction being made, 
'.• rect. A, 0=sq. on B, 
and B=D, 
.*. rect. A, 0«rect. J5, D ; 
and .-. ^ is to J5 as J) is to 0, VL 16. 

that is, -4 is to jB as jB is to C V. 6. 

Q. E. D. 
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Proposition XVIII. Problem. 

TJ'pon a given straight line to describe a rectilinear figure 
similar and similarly sitttated to a given rectilinear figure. 





Let AB be the given st. line, and CDBF the given rectil. 
^. of four sides. 

It is reqv4/red to describe on AB a fi^. similar and similarly 
situated to CDEF. 

Join DF, and at A and B, make z BAG = z DCF, and 
iABG=iCDF; 

then A BAG is equiangular to A DCF, 
At G and B, make z BGH=^ l DFE, and z GBH^^ i FBE ; 

then A GHB is equiangular to A FED. 
Then •.• z ^6^5= z CFD, and z ^GfB"= z jDJ^^, 

.-. z J^Gfir= z CF^. Ax. 2. 

So also z ^^ir= z CD^. 
And we know that z 5^G^ = z DGF, 
and that z G^HB = z ^^D, 
.'. rectil. fig. ABHG is equiangular to ^g, CDEF. 
Also, '.• A BAG is equiangular to A DCF, 

.-. J5J[ is to ^Gf as DO is to CF ; VI. 4. 

and *.* A BGH is equiangular to A DFE, 

.-. (3^5 is to Gf J? as J^D is to FE. VI. 4. 

Also, AG is to G^5 as CF is to ZD. 

.-. AG is to G^B"as CF is to J?'^. V. 21. 

Similarly, it may shown that 

GHis to HB as FE IS to ED, 
and that HB is to BA as ED is to DO. 
.-. the rectil. figs. ABHG and CDEF are similar. 
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Next. Let it be required to describe on AB a fig., similar 
and similarly situated to the rectil. fig. CDKEF. 





Join DEf and on AB describe the fig. ABHG, similar and 
similariy situated to the quadrilateral CDEF. 

At B md JS make I HBL= l EDK,mdiBHL=^iDEK\ 
then A HLB is equiangular to A EKB, 
Then '.• the figs. ABHG, CDEF are similar, 

.-. L GHB= L FED ; 
and we have made l BHL= l DEK ; 

.-. whole L GHL^whole l FEK. Ax. 2. 

For the same reason, i ABL= l CDK, 
Thus the fig. AGHLB is equiangular to fig. CFEKD. 
Again, •.• the figs. AGHB, CFED are similar, 

.-. GR is to HB as FE is to ED : 
also we know that HB is to HL sua ED h to EK, VI. 4. 

.-. OH is to HLoaFE ia to EK, V.21. 
For the same reason, AB is to BL as CD is to DK. 

And BL is to LH as DKis to KE ; VI. 4. 
.-. the five-sided figs. AGHLB, CFEKD are similar. 
In the same way a fig. of six or more sides may be described, 
on a given line, similar to a given fig. 

Q.B.F. 
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Proposition XIX. Theorem. • 

Similar triangles are to one another in ike duplicate ratio of 
eir homologous sides. 





Let ABC, DEF be similar as, 

having z s at ^, B, C= /. 8 at D, E, F respectively, 

so that BC and EF are homologous sides. 

Then must A ABC have to A DEF the duplicate ratio of 
oJt which BC has to EF. 

Suppose A DEF to be applied to A ABC, so that 
lies on B, ED on BA, and .'. EF on BC. 

Let P and <? be the pts. in BA, BC on which D and ^ fall. 

Join AQ. 

Then A ABC is to A ABQ as 50 is to BQ, VL 1. 

and A J.^^ is to aP^^ as ^Pis to BP. VL I. 

But AB is to PP as PO is to BQ, VL 4. 

/. A ABQ is to A PBQ as PO is to BQ. V. 6. 

Hence a ABC is to a ABQ as A ABQ is to a PBQ. V. 5. 

.'.A ABC has to A PBQ the duplicate ratio 
A ^PO to A ^P<? ; VL r^f. 2. 

.*. A -4P0 has to A PBQ the duplicate ratio 
BC to BQ. V. 5. 

hat is, A ABC has to A DEF the duplicate ratio 
BC to P#. 

Q. E. D. 

Cor. IfMNbe a third proportional to BC acn^ E¥. 
^ias to MN the duplicate ratio of PC to EF , ^ 
and . \ BCis to MN as A ABC is to £^ DEF; 

1 
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Miscellaneous Exercises chiefly on Proposition XIX. 

Ex. 1. Prove this Proposition without drawing any line 
inside either of the triangles. 

Ex. 2. In the figure, if BC be equal to FD, shew that the 
triangles will be in the ratio of -40 to EF, 

Ex. 3. Cut off the third part of a triangle by a straight line 
parallel to one of its sides. 

Ex. 4. ABy AC are bisected in D and E, Prove that the 
quadrilateral DBCE is equal to three times the triangle 
ADE. 

Ex. 5. ABC is a line passing through the centre of the 
circle BCDy and AD a tangent to the circle. If GE be drawn 
parallel to BD, shew that the triangles AGD, ACE are to one 
another as AB to AC, 

Ex. 6. A straight line drawn parallel to the diagonal BD oi 
a parallelogram ABCD meets AB, BC, CD, DA, in E, F, G, E. 
Prove that the triangles AFG, CEH are equal. 

Ex. 7. If two triangles have an angle equal, and be to each 
other in the duplicate ratio of adjacent sides, they are similar. 

Ex. 8. The circle B'G (centre 0) touches the circle J.5(7 in- 
ternally, and AB^B touches B'C in 5'. Shew that if j5D be 
perpendicular to the common diameter, AB, B^ divides AB 
into segments, which are in the duplicate ratio of 00 to OJ). 

Ex. 9. From the extremities A, B, of the diameter of a circle, 
perpendiculars AY, BZ, are let fall on the tangent at any 
point 0. Prove that the areas of the triangles ACY, BCZvxt 
together equal to that of the triangle ACB, 

Ex. 10. If to the circle, circumscribing the triangle ABG^ a 
tangent at be drawn, cutting AB produced in Z), shew that 
AD is to DB in the duplicate ratio of -40 to OJ?. 

Ex, II. Construct a tmiv^ft ^N\i\Oft. ^oaS^ \^ ^ a 
^""imigle in a given ratio. 
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Proposition XX. Theorem. (EucL vi. 21.) 

JEMflJlinear figv/res^ which are si/mila/r to Ike same rectilineaf 
figure, are also sim/Uar to each other. 




Let each of the rectilinear figures A and B be similar to the 
rectilinear figure (7. 

Thtfn must ^figure A he similar to 1hef>gwe B* 

For •.• A is similar to (7, 
.*. A is equiangular to (7, 
and A and C have their sides about the equal i s pro- 
portionals. VI. Def. 1. 
Again, *.* B is similar to G, 

.*. B is equiangular to G, 
and B and C have their sides about the equal i s pro- 
portionals. VI. Def. 1. 

Hence A and B are each equiangular to (7, and haye the 
Bides about the equal zs of each of theqi and of G pro- 
portionals. 

.'. A is equiangular to B, Ax. 1. 

and A and B have their sides about the equal i s pro- 
portionals, y. 6. 
.*. the %ura A is similar to tihe ^gax« B. TV«t 
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Proposition XXI. Theorem. (Eucl. vi. 20.) 

Svmilur polygons may he divided imio ike sa/me nvmber of^ 
simila/r triangles, having the sa/me ratio to one another, which 
the 2>olygons have ; and the polygons are to one another in the 
duplicate ratio of their homologous sides, 

A. 





DC K JS 

Let ABCDB, FGHKL be similar polygons, and let AB be 
tbe side homologous to FG, 

I. The polygons may be dvoided into the same number of 
similar A«. 

II. These A s ha/ve each to each the same ratio which the poly- 
gons have. 

III. The polygon ABODE has to the polygon FGHKL the 
duplicate ratio of that which the side AB has to the side FG. 

Join BE, EG, GL, LH: then 

I. *.' the polygon ABODE is similar to the polygon 
FGHKL, 

.'. L BAE = L GFL, 
and ^^ is to J.^ as (^i?* is to FL. 
:. A ABE is similar to A FGL. VI. 6 and 4. 

and .-. z ABE = z FGL, VI. Del 1. 

Again, '.' the polygons are similar, 

.-. z ABO = z FGH, VI. Def. 1. 

and .-. z EBO = z I/^H ; Ax. 3. 

and '.• the AS ABE, FGL are similar, 

.-. EB\&\xi ABv&LGS&toFG\ VI. Def. 1. 

also, •.' the polygons are similar, 

.-. AB'^A to BO a&FG is to GH; VI. Def. 1. 

and .-. EB k to BO as LGis to GH, V. 21. 

and .-. since z EBO = z LGH, 

the A EBO is similar to A LGH. VI, 6 and 4. 

For the same reason the A EOD is similar to A LHK. 
Thus the polygons are divided into the same number of 
niilar As. 
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n. •/ b^ABE is similar to£iFGL, 

•*• A ABE haik CO a FOL the duplicate ratio of * 
BE to GfZ. VI. 19. 

So also, A jB^BO has to aZt^^ the duplicate ratio of 
BE to GL. VI. 19. 

.-. LABE]A\^L.FGLB&t,EBC]aioLLaH. V. 5. 
Again, V A ^jS(7 is similar to lLGH, 

.*. A JS^BO has to A LGH the duplicate ratio of 
EC to LH. VI. 19. 

So idsoy A ^CD has to A LHK the duplicate ratio of 
EC to LH. VI. 19. 

.-. A-EBO istoAiG^HasA-EGDistoAXJSX. V. 5. 
But aJ^BC istoAXC;^jS'asA.dLB^istoAJ'(?X. 
.*. as nABEiBtoLFGL bo ia £iEBC to l LGH, 
and LECDtoi^LHK. 

Now as one of the antecedents is to one of the consequents 
go are all the antecedents together to all the consequents 
together, V. 10. 

and .'. A ABE is to A FGL as polygon ABCDE is to polygon 
FGHKL. 

IIL Since A ABE has to A FGL the duplicate ratio of 
AB to FG, VI. 19. 

.*. polygon ABCDE has to polygon FGHKL the duplicate 
ratio of AB to FG. V. 5. 

Q. E. D. 

Cob. I. In like manner it may be proved, that similar 
figures of fowr or any nvmber of sides, are to one another in 
the duplicate ratio of their homologous sides : and it has been 
afaready proved for triangles, vi. 19. Therefore, unrr^GaXi^j^ 
similar rectzlznear %ures are to one axLol\iQ;t Vxi V)(!l<& ^k£^' 
ratio of their homoloQonB sides. 
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Cor. II. If Ml^ be a third proportional to AB and FG^ 
^jB has to MN the duplicate ratio of AB to FG, VI. Def. 2. 
and /. AB is to MN as the figure on AB to the similar and 
similarly described figure on FQ ; that being true in the case 
of quadrilaterals and polygons, which has been already proved 
for triangles. VI. 19 Cor. 

Proposition XXII. Theorem. (EucL vi. 31.) 

In right-angled triangles, (he rectilinear figure, described upon 
the side opposite to (he right angle, is equal to (he si/milar and. 
similarly described figures upon (he sides containing (he right 
angle. 




Let ABC be a right-angled a , having the right z BAG. 
Then rfiust the rectilinear figure, described on BC, he equal 
to the similar and similarly described figures on BA, AG. 
Dmw AD ± to BC. 

Then A ABC is similar to A DBA, VI. 12. 

and .-. BC is to -B^ as ^ui is to BD, VI. 4. 

and .*. as BC is to BD so is the figure described on BC ^ 
the similar and similarly described figure on BA, VI. 21, Cor. ^' 
and .'. as BD is to BC so is figure on BA to figure on B^- 

V. 12. 
For the same reason 

as DC is to BC so is figure on AC to figure on BC 
Hence as BD, DC together are to BC so are figures on BA) 
AC together to figure on BC. V. 2'2- 

But BD, DC togetber aift ec^aal \fs BC^ and 
.'. figures on BA, AC \iOg,'&'0[ist = ^^gaxfc w!l"B^,^ A^- 
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Note. — The Proposition which follows is not given by 
Euclid, but is necessary to the proof of Prop. xxiv. 



Proposition XXIIL Theorem. 

If two rectilinear figures he equal and also similar, their 
homologous sides must be equal, each to each. 




Let the rectiL figs. ABODE, FGHKL be equal and similar, 
and let DC and KH be homologous sides of the figures. 

Then must DG=KH. 

For, if not, let DO be greater than KH. 
Then *.• DO is to D^ as KH is to KL, 

,'. DE is greater than KL. V. 14. 

Hence if^KLH be applied to a DEG, so that KH faUs on 
DO and KL on DE (for z HKL = z GDE), HL will fall 
entirely within a DEG, 

.*. A KLH is less than A DEG. 
But '.'£^ DEG is to A KLH as figure ABGDE is to 
figure FGHKL, VL 21. 

and figure ^-BOD^=figure FGHKL 
.\£,DEG=aKLH, V. 18. 

or the greater = the less, which is impossible. 
.'. DG is not greater than KH. 
Similarly it may be shown that DC ia iio\»\^^^ ^^Josjsl'KS-. 
.'.DO=KH. 
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Proposition XXIV. (EucL vi. 22.) 

If four straight lines he proportidncUsy the svnbHar recti- 
linear figures si/milarly described upon them must also he pro- 
portionals. 





r 


B 


c 






nr 












JE 

Let the four straight lines AB, CD, EF, GH be p^oJ>o^ 
tionals, that is, AB to CDsi&EFis to GH ; 

and upon AB, CD let the similar rectilinear figures KAB, 
LCD be similarly described ; and upon EF, GH the similar 
rectilinear figures MF, NH in like manner. 

Then must KAB he to LCD as MF is to NH. 

To ABy CD take a third proportional X and 
to EF, GH take a third proportional 0. VI. 10. 

Then *.• AB is to CD as EF is to GH, 

.'. CD is to X asGHis to 0, V. 5. 

and .-. AB is to X sis EF is to 0. V. 21. 

But as ^JB is to Z so is KAB to LCD, VI. 21, Cor. 2. 
and as ^i^ is to so is MF to NH. VI. 21, Cor. 2. 
.-. KAB is to LCD as MF is to NH. V. 5. 
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And Conversely, 

If the similar figwres, mnMa/rly described on fowt straight 
lines, he proportionals, those straight lines must he proportionals. 

The same constraction being made, 

let KAB be to LCD as MFia to NH, 

then must AB he to CD as EF is to GH. 

Make as ^^ to GD so EF to PE, VI. 11. 

and on PE describe the rectilinear figure 8E, similar and simi- 
larly situated to either of the figures MF, NH, VI. 18. 

Then^ by the first part of the proposition, 

KAB is to LCD as MF is to 8E. 

But KAB IB to LCD as MF is to NR. Hyp. 

.-. 8E=NH, V. a 

Also, 8E and NHbxq similar and similarly situated, 

and .-. PE=^GH. VI. 23. 

Now ^5 is to CD as ^J* is to PE, 

and .•. j1J5 is to CD as ^F is to GE. V. 6. 

Q.I.D. 
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Proposition XXV. Theorem. (EucL vi. 33.) 

In equal drcles, angles, whether at the centres or the drcum- 
ferences, have to one another the same ratio as the a/rcs whid 
subtend them ; and so also have the sectors. 





In the equal ©s ABC, BEF let the z s BQC, EEF at the 
centres, and the z s BAG, EDF at the circumferences, be sub- 
tended by the arcs BC, EF. ■ 

1 

Then I. z BGC must he to z EHF as arc BC is to arc EF. \ 

I 
Take any number of arcs CK, KL, each=J50, 

and any number of arcs FM, MN, NB e3ich= EF. ; 

Then •.* arcs BC, CK, KL axe all equal, 

.-. z s BGC, CGK, KGL are aU equal. III. 27. 

.'. z BGL is the same multiple of z BGC that 
urc HL is of arc BC. 

So also, z EHR is the same multiple of z EHF that \ 

arc KU is of arc EF. 

And z BGL is equal to, greater than, or less than 

uroording as arc BL is equal to, gi-eater than, or less than 
luv KU. III. 27. 

Now.. IIGL andarcBLareeqiiimultiplesofz J5G^Candarc5(^, 
t\\\\\ . F.U U and arc E R ax^ eqy3im\j\\K^^^Qi l "E»KE ^vsAasa^? • 
.*. . />V;(Msto^EIIPasaTGBC\a\»^^^^^« ^,^^V^- 
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II. I BAG rmst be to I EDF as wrc BG is to arc EF. 

For •.• A J5C?C= twice z BAG, and z ^HF* twice z J^DJ*, 

III. 20. 

.'.iBAGktoiEDFBaiBGGktoiEHF, V. 11. 

and .•. z jBuiCis to z j&D-P as arc ^0 is to arc EF. V. 6. 

IIL Sector BGG must be to sector EHF as arc BG is to 
arc EF, 

For sectors BGG, GGK, KGL are all equal, IIL 26, Cor. 

and sectors EHF, FHM, MEN, NHE, are all equal, 

IIL 26, Cor. 

•*. sector BGL is the same multiple of sector BGG that 
arc BL is of arc BG, 

and sector EHB is the same multiple of sector EHF that 
arc j^JS is of arc EF ; 

m 

also, sector BGL is equal to, greater than or less than 
sector EHB, according as 

arc BL is equal to, greater than, or less than arc EE, III. 26. 
and •*. sector BGG is to sector EHF as arc £0 is to arc EF, 

Q.S.D. 

Gob. In the same circle, angles, whether at the centres or 

I the cLrcumfexences, haye the same ratio as the arcs which sub- 
tend them ; and so also haye the sectonu 



284 EUCLID'S ELEMENTS, [Book VX 



Proposition B. Theorem. 

If an arvgle of a triangle he bisected by a tstradght line, which 
likewise cuts the base ; the rectangle, contained by the sides of 
the triangle, is eqwd to ike rectangle, contained by the segments 
of the base, together with the square on the line bisecting the 
angle. 




Let I BAC of the A ABC be bisected by the st. line AD, 

Then reel, BA, AC=rect, BD, DC together mth sq, on AD. 

Describe the © ABC about the A , III. b. p. 135. 

produce AD to meet the Oce in E, and join EC, 

Then •.• z BAD = z CAE, Hyp. 

and z ABD = l AEC, in the same segment, IIL 21. 

.'. A ABD is equiangular to A AEC, I. 32. 

.-. BA is to JLD as ^J[ is to AC, VI. 4. 

.• rect. BA, ^C=rect. EA, AD, VI. 16. 

=rect. ED, DA together with sq. on AD, 

11.3. 

=rect. BD, DC together with sq. on AD, 

III. 35. 

Q. X. D. 
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Proposition C. Theorem. 

If from any angle of a triangle a straight line be d/rawn per- 
pendicula/r to the ha^e, the rectangle, contained by the sides of 
the triangle, is equal to the rectangle, contained by the per- 
pendicular and the dia/meter of the circle described about the 
triangU. 




Let ABC be a A , and AD the jl from A to BC, 

Describe the © ABC about the a ABC, III. b. 

draw the diameter AE, and join EC, 
Then must rect BA, AC^rect EA, AD. 

For '.• rt. z BDA = i EGA, in a semicircle, III. 31. 

and z ABD = z AEC, in the same segment, III. 21. 

.*. A ABD is equiangular to the A AEC, I. 32. 

.-. BA is to ^D as ^^ is to AC, VI. 4. 

and .-. rect. BA, J. 0= rect. EA, AD. VI. 16. 

Q. E. D. 

Ex. 1. Shew that the rectangle contained by the two sides 
can never be less than twice the triangle. 

Ex. 2. ^JBOis a triangle, and AM the perpendicular upon 
BC, and P any point in BC ; if 0, (/ be the centres of the 
circles described about ABP, ACP, the rectangle AP, BC 
is double of the rectangle of AM, 00^, 

Ex. 3. A bisector of an angle of a triangle is produced to 
meet the circumscribed circle. Prove that the rectangle, con- 
tained by this whole line and the part of it within the triangle, 
is equal to the rectangle contained by the two sides. 



286 EUCLID'S ELEMENTS. [Book VI. 



Proposition D. Theorem, 

The. rectangle, contained hy the dia^gonals of a quadrilateral 
inscribed in a circle, is equal to the sum of the rectangles, con- 
tained by its opposite sides. 




I 

Let ABCD be any quadrilateral inscribed in a 0. 

Join AC, BD. 
Then rect. AC, BD=rect. AB, CD together with reei. AD, BC. 

Make z ABE = z DBC ; 1. 23. 

and add to each the z EBD, 
Then z ABD = z CBE ; 
and z BDA = z BCE in the same segment ; III. 21. 
.'. A ABD is equiangular to A BCE, 1. 32. - 

.-. AD is to BDaaCEis to BC, VI. 4. j 

and .-. rect. AD, BC=Tect BD, CE. VI. 16. ! 

Again, '.• z ABE = z DBC, by construction, j 

and z BAE = z BDC, in the same segment, III. 21. 
.-. A ABE is equiangular to A BCD, I. 32. 

.-. AB is to AE as BD is to CD, VI. 4. 

and .-. rect. AB, CD =rect BD, AE. VI. 16. 

Hence rect. AB, CD together with rect. AD, BC 
=rect. BD, AE together with rect. BD, CE. 
=rect. AC, BD. II. !■ 

Q. E. D. 

Ex. If the diagonals cut one 2bTio\)cvet ^\» ^\i ^sv^e ecyial to one 
third of a right angle, tlie lecto^^e^ c.wv\a:m^^\r3 ^^ ^'^gs5si^ 
« are together equal to iouT t\me«. t\i^ o^\^T^\feTai'wga'^. 
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Proposition XXVI. Theorem. (Eucl. vi. 23.) 

Equiangula/r paraHelograms have to one another the ratio, 
which is compounded of the ratios of their sides. 



\ 



K- 



M- 




Let -4 (7 and CF be equiangular Os, having i BCD = z ECG. 

Then must EJ AC have to O CF the ratio compounded of 
the ratios of their sides. 

Let BC and CG be placed in a straight line. 
Then DC and CE are also in a straight line. I. 14. 

Complete the O DG, and taking any st. line K, 

make as J50 is to CG so X to X VI. 11. 

and make as DC is to CE so L to M. VI. 11. 

' Then •.' K has to M the ratio compounded of the ratios of 
K to L and i to M, 

.'. K has to ilf the ratio compounded of the ratios of 
the sides. VI. Def. 3, p. 260. 

Now BC ia to CG as CJ ACis to O CH, VL 1. 

and DCia to CE as CJ CHia to O CF, VL 1. 

.\K istoL Bs CD AC n to CJ CH, V. 5. 

and L is to M" as O Cff is to O CF, V. 5. 

Hence K h to M bs HJ AC is to /U CF ; V. 21. 

and .'. O AC has to O CFthe ratio compounded of the 
ratios of their sides. 

Q. E. D. 
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Proposition XXVII. Theorem. (Eucl. vi. 24). 

Parcdlelogramis ahout ike diameter of any parcHMogrcm an 
similar to Ute whole parallelogram, and to one anoUur, 




Let ABCD be a EJ, of which the diameter is AG\ and 

AEFG, FHCK the ZI7s about the diameter. 

Then must these EJs be similar to ABCD and to each oGut- 

For •.'• GFiaWto DC, .'. z AGF = z ADC, 1 29. 

and •/ EFia \\ to BC, .'. z AEF = z ABC; 1 29. 

and each of the z s EFG, 5Ci)= opposite z J5^D, 1. 34. 

and .-. z ^2^a= z ^OD. Ax. 1. 

Thus the Os AEFG, ABCD are equiangular to one 
another. 

Again, '.• ^jP is || to 50, 

.-. ^Eisto^Oas J^^isto^J^; VI. 4. 
and since the opposite sides of the Os are equal, 

.-. AB is to ^D as ^E is to AG, V. 6. 

and DCis to CB os GF ia to FE, V.6. 

and CD istoDAaaFG is to GA, V. 6. 

Thus the sides of the Os AEFG, ABCD about their equal 

angles are proportional. 

.-. O AEFG is similar to O J^^CD. % 
Similarly, O FHCK is similar to ZI7 ^5CD ; 

and .-. O ^^2?^0 is similar to O ^B'CK VI. 20. 

Q. E. D. 

Ex. Show that each oi tTae com^^em^-vifes, q»C the ^rallelogram 
is a mean proportional Ijet^e^To. \}Ji^ ^^x^^^^^^^ ^^s^"^ 
iiameter. 



Book VI.] PROPOSITION XXVIII 289 



Proposition XXVIIL Theorem. (Eucl. vi. 26.) 

If two similar parallelograms have a convmon angle, and be 
similarly situated, they are ahout the sarfve diamdei'. 




Let the ZZ7s ABCD, AEFG be similar and similarly 
situated, and have z DAB common. 

Then must ABCD and AEFG he ahout the samie diamieter. 

For, if not, let ABCD have its diameter, ARC, not in the 
same st. line with AF, the diameter of AEFG. 

Let GF meet ABC in H, and draw HK II to AD. I. 31. 

Then ZZ7s ABCD, AKHG, about the same diameter, are 
similar. VI. 27. 

and .-. DA \&toAB^&GA\& to AK. VL Def. 1. 

But •.• ABCD, AEFG are similar Os, 

.-. DA is to AB as GA is to AE. 

Hence GA is to ^iTas GA is to AE, V. 5. 

and .-. AK=AE, V. 8. 

the less=the greater, which is unpossible. 

.'. ABCD and AKHG are not about the same diameter, 
and .'. ABCD and AEFG must have their diameters in the 
same st. line, that is, they are about the same diameter. 

Q. E. D. 
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Proposition XXIX. Problem. (EucL vi. 25.) 

To describe a rectilinear figv/re which shall he simila/r to oiUj 
and equal to another, given rectilinear figure. 




Let ABC and D be two given rectilinear figures. 

It is required to describe a figure similar to ABC a/nd egvd 
toD. 

On BC describe the O BLEG equal to ABC, and I. 45, Cor. 
on CE describe th6 O C£7jPM equal to D, I. 45, Cor. 

and having z FCE = z CBL. 
Then BG and CF are in a straight line, I. 29 and 14. 

and LE and EM are in a straight line. 
Find GH, a mean proportional between BG and CF, VI. 13. 
and on GH describe the rectilinear figure KGH, similar and 
similarly situated to ABC. VI. 18- 

Then •.' BG is to GH as GH is to CF, 

.-. as BC is to CF so is ^£0 to KGH. VI. 20, Cor. & 
But as ^Cis to Ci?^ so is O BE to O J^jP, VLL 

and .♦. as ABC is to KGH so is EJ BE to EJ EF. V 5. 
Now ^5(7 is equal to O £^, Constr. 

and.'. KGH =nj EF. VU 

But O EF=^ the figure i). 
.-. i$:GfiI =D ; and i$:G^iT is simUar to ABC. 
Hence a figure XGH \ias» \i^^T^ ^t'&ct\!a^^ ^ T??as required. 



%^'^« 
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Def. V. A straight line is said to be cut in extreme and 
mean ratio, when the whole is to the greater segment as the 
greater segment is to the less. 



Proposition XXX. Problem. (Eucl. vi. 30.) 
To cut a straight line in extreme and rnean ratio. 



^ B 



Let ABhe the given st. line. 

It is required to cut AB in extreme and mean ratio. 

Divide AB in the pt. (7, so that rect. ABy BC = sq. on AG, 

11. 11. 
Then •.* rect. AB, BC = sq. on AC. 

.-. ^5 is to ^C as ^0 is to BC, VI. 17. 

and .*. AB is cut in extreme and mean ratio in C. Def. 5. 

Q. E. F. 

Ex. 1. If two diagonals of a regular pentagon be drawn to 
cut one another, they cut one another in extreme and mean 
ratio. 

Ex. 2. If the radius of a circle be cut in extreme and mean 
ratio, the greater segment will be equal to the side of a regular 
decagon described in the circle. 
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Proposition XXXI. Theorem. (EucL vi. 32.) 

If two triangles, similarly situated, which have two si 
of tJie one proportiotial to two sides of the other, be joiiied (d 
o-m angle, so as to have their homologous sides parallel, each 
to each, the remaining sides must he in a straight line. 




Let the A s ABC, DCE be similarly situated, having the 
sides BA, AG proportional to CD, DE, and let BA be II to 
CO, and^ClltoDJ^J; 

Then must BC and CE be in one st. line. 

For •.• AC meets the Us BA, CD, 

.'.lBAC= alternate z A CD. 1 29. 

And •.• CD meets the lis AC, DE, 

.'.iACD = alternate l CDE. I- 29. 

Hence i BAC =^ l CDE. Ax. 1. 

Then •.• BA is to AC as CD is to DE, and z BAC = z CM 

.-. A ABC is equiangular to A DCE. VI. 6. 

.'. L ACB == A DEC ; VL Def. 1. 

and .'.iaACB,ACE together = z s ^C^, DEC together, 

= two right angles. I- ^' 
,', BC and CE are in the same st. line, !• ^^ 
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Miscellaneous Exercises on Booh VI. 

1. Two common tangents to two circles meet at A. If the 
diameter of the smaller circle, the distance between the centres, 
and the diameter of the larger circle, be in the ratio of 1, 2, 3, 
prove that the distance from A to the centre of each circle is 
equal to the diameter of that circle. 

2. Straight lines are drawn through the angnlar points of a 
triangle, parallel to the opposite sides, and through the angular 
points of the triangle thus formed straight lines are drawn, 
parallel to its opposite sides, and so on ; show that all these 
triangles are similar to the original triangle, and that any one 
of them has its sides bisected by the angular points of the pre- 
ceding triangle. 

3. If a point be taken within an equilateral triangle, the per- 
pendiculars drawn from it to the three sides are together equal 
to the perpendicular drawn from one of the angles to the 
opposite side. 

4. Upon AB as base two triangles ABCj ABD are described, 
and a line cutting CA is drawn parallel to CD, From the 
points where this line meets AC, ADy lines are drawn to meet 
CB, DBy and parallel to the base. Shew that these lines are 
equaL 

5. If be the centre, and AB the diameter of a circle, and 
if on -40 as a diameter a circle be described, then the circum- 
ference of this circle will bisect any chord, drawn through it 
from A to meet the exterior circle. 

6. On a ^yen base describe a triangle, having a given 
vertical angle, and one of its sides double of the other. 

7. From a point E in the common base of two triangles 
ACB, ADB, straight lines are drawn parallel to ^iC, AD, 
meeting BC, BD in F and G» Shew that the lines joining 
F, Q and C, D will be parallel 

8. From the angular points, of a triangle ABC, straight lines 
AD, BE, CF, are drawn perpendicular to the opposite sidev 
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and terminated by the circumscribing circle ; if Z be the point 
of their intersection, shew that XD, LE, LF are bisected by 
the sides of the triangle. 

9. If D and E be points in the sides of a triangle ABC, 
such that AD and AE are respectively the third parts of AB and 
AC, shew that BE and CD cut one another in a point of 
quadrisection. 

10. In AB, AC, two sides of a triangle, are taken points 
D, E ; AB, AC&re produced to F, G, such that BF^AD, and 
CG^AE: ajid BG, CF, FG Bxe jomed, the two former fleet- 
ing in H. Show that the triangle FHG is equal to the 
triangles BHC, ADE together. 

11. If the angle, between the internal bisector of the angle 
of a triangle and the base, be equal to the angle between the 
external bisector and the greater side produced, a perpen- 
dicular on this side through the vertex, will bisect the segment 
of the base between the internal and external bisectors. 

12. Triangles on equal bases and between the same parallels 
will have equal areas cut off by a line parallel to their bases. 

13. From ^i, ^, the extremities of the diameter of a circle, 
lines ACE, BCD, are drawn through a point C, on the circum- 
ference, to points E and D, such that EB and DA touch the 
circle. Shew that ED meets the tangent at in ^i^produced. 

14. Draw a straight line cutting two concentric circles, so 
that the part of it which is intercepted by the circumference 
of the greater may be four timea as great as the part inter- 
cepted by the circumference of the less. 

15. Shew how to inscribe a rectangle DEFG in a triangle 
ABC, so that the angles D, E may be in AB, -4(7 respectively, 
the side FG coincident with the base, and the area of the rect- 
angle be equal to half that of the triangle. 

16. If the bisectors of the opposite angles A, C, of a quadri- 
lateral figure ABCD, intersect on the diagonal BD, then will 
"■^t^ bisectors of the angles B, D meet on AC, 

Two sides of a quadrilateral described about a circle are 
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parallel ; if the points of contact divide the other two sides 
proportionally, they are equally inclined to the first two. 

18. If two triangles, on the same base, have their vertices 
joined by a straight line, which meets the base, or the base 
produced, shew that the parts of this line, between the vertices 
of the triangles and the base, are in the same ratio to each 
other as the areas of the triangles. 

19. From any point P, in the circumference of a circle, 
whose centre is 0, perpendiculars PM, FN, are let fetll on two 
radii OA, OB, and are produced both ways to meet the cir- 
cumference of the circle in C, D, and the straight lines OA, 
OB, ia E, F respectively. Shew that the three straight lines 
CD, MN, EF, are parallel to one another. 

20. If the angles B, C, of the triangle ABG, be respectively 
equal to the angles D, E, of the triangle ABE, and the angles 
B, E, of the triangle ABE, to the angles D, C, of the triangle 
ADC, then these pairs of triangles shall be respectively equal 
to each other ; and if BE, CD, intersect in Jl^, the triangles 
BFD, CFE, shall also be similar. 

21. If, from the extremities of the diameter of a semicircle, 
perpendiculars be let fall on any line cutting the semicircle, 
the parts intercepted between those perpendiculars and the 
circumference are equal 

22. In a given circle place a chord, parallel to a given chord, 
and having a given ratio to it. 

23. ABC is an equilateral triangle. Through C a line is 
drawn at right angles to AC, meeting AB produced in D, and 
a kne through A parallel to BC in E» Through K, the middle 
point of AB, lines are drawn respectively parallel to AE, AC, 
and meeting DE in F and O. Prove that the sum of the 
squares on KO and FQ is equal to three times the square 
onP^. 

24. Find a point in the base of a right-angled triangle pro- 
duced such that the line drawn from it to the angular point 
opposite to the base, shall be to the base produced as the 
perpendicular to the base itself. 
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25. AB is a given straight line, and D a given point in it ; 
it is required to find a point P, in AB produced, such that 
^P is to P5 aa ^D is to DP. 

26. If two circles touch each other externally, and parallel 
diameters be drawn, the straight line, joining the extremities 
of those diameters, will pass through the point of contact. 

27. If two circles touch each other, and also touch a straiglit 
line ; the part of the line, between the points of contact, iB a 
mean proportional between the diameters of the circles. 

28. Two circles touch each other internally, the radius of 
one being treble that of the other. Shew that a point of tn- 
section of any chord of the larger circle, drawn from the point 
of contact, is its intersection with the circumference of the 
smaller circle. 

29. If ABG be a right-angled triangle, and JD any point ii 
its hypotenuse J.P, determine by a geometrical constnw- 
tion the point P, to which AB must be produced, so that fk 
is to PP as ^D is to DP. 

30. If a line touching two circles cut another line joining 
their centres, the segments of the latter will be to each other 
as the diameters of the circles. 

31. If through the vertex of an equilateral triangle a pe^ 
pendicular be drawn to the side, meeting a pert>endicular to 
the base, drawn from its extremity, the line, intercepted 
between the vertex and the latter perpendicular, is equal ti 
the radius of the circumscribing circle. 

32. If on the diagonals of a quadrilateral as bases, parallelo' 
grams be described, equal to the quadrilateral, find the latt 
of their altitudes. 

33. The opposite sides BA, CD of a quadrilateral ABCS^ 
which can be inscribed in a circle, meet, when produced, at JS; 
F is the point of intersection of the diagonals, and EF meeh 

AD in G ; prove that the rectangle EA^ AB\& to the rectangb 
«Z>, Z^aas^GistoGD. 
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34. If from the extremities of the diameter of a circle 
tangents be drawn, any other tangent of the circle, terminated 
by them, is so divided at its point of contact, that the radius 
of the circle is a mean proportional between the segments of 
the tangent 

35. If the sides of a triangle, inscribed in the segment of a 
circle, be produced to meet lines drawn from the extremities 
of the base, forming with it angles equal to the angle in the 
segment, the rectangle contained by these lines will be equal 
to the square on the base. 

36. Describe a parallelogram, which shall be of a given 
altitude, and equal and equiangular to a given parallelogram. 

37. Two circles touch each other internally at the point J., 
and from two points in the line joining their centres perpen- 
diculars are drawn, intersecting the outer circle in the points 
-B, C, and the inner circle in the points Z), jK. . Shew that AB 
is to AG as AD is to AB, 

38. Given of any triangle the base, and the point, where the 
line, bisecting the exterior vertical angle, cuts the base pro- 
duced, '&id the locus of the vertex of the triangle. 

39. Draw a line from one of the angles at the base of a 
/nangle, so that the part of it cut off by a line drawn from the 

vertex parallel to the base, may have a given ratio to the part 
cut off by the opposite side. 

40. Find the point in the base produced of a right-angled 
triangle, from which the line drawn to the angle opposite to 
the base shall have the same ratio to the base produced, which 
the perpendicular has to the base itsell 

41. If the centres J., 5, of two circles be joined, and P be 
the point in the line ABy from which equal tangents can be 
drawn to the circles ; the tangents drawn from any point in a 
line, which passes through P at right angles to AB are all 
equaL 

42. Construct a triangle, similar to a. ^^cti \jnax^^<fe^ «xv$s. 
having ita angular points upon three 8(Wftii»\.t«I\^\»\\xv^'a»^"^?^<5s^ 
meet in a point. 
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43. Let ABCD be any parallelogram, BD its diagonal 
Then the perpendiculars, from A on BD, and from B and D 
upon jiD and AB, shall all pass through a point. 

44. If a quadrilateral be inscribed in a circle, its diagonals 
shall be to one another as the sums of the rectangles contained 
by the sides adjacent to their extremities. 

45. A square is described on the base of an isosceles triangle, 
remote from the vertex. Prove that, if the vertex be joined 
to the comers of the square, the middle segment of the base 
will be to the outer one in twice the ratio of the perpendicular 
on the base to the base. 

46. The base AB of an isosceles triangle ABC is produced 
both ways to J) and E, so that the rectangle AD, BE is 
equal to the square on AC. Shew that the triangles DAC, 
EBC, are similar. 

47. If each of the angles at the base of an isosceles triangle 
be double of the angle at the vertex, shew that either side is a 
mean proportional between the perimeter of the triangle, and 
the distance of the centre of the inscribed circle from either 
end of the base. 

48. Prove that, if the rectangle contained by the diagonals 
of a quadrilateral be equal to the sum of the rectangles con- 
tained by its opposite sides, the quadrilateral may be inscribed 
in a circle. 

49. Draw a line parallel to one of the sides of a triangle, so 
that it may be a mean proportional between the segments into 
which it divides one of the other sides. 

50. K an equilateral triangle be inscribed in a circle, and 
the adjacent arcs cut off by two of its sides bo bisected, shew 
that the line joining the points of bisection will be trisected by 
the sides. 

51. ABC is an equilateral triangle, BC is produced to D, 
and CD is made equal to BC *. CE \a Axo^xl «.t ti^ht angles 
' OOB, and at A the aTig\e CAE \a' \xvaAft ^ojcxaJs^Xa 'Oafc'®%^ 

; UJE, DA are dxawn, ^\ie^ ^V^^* ^"^^ x<i^\aiw^^ ^^' 
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CE is equal to the rectangle DE, AG together with the square 
onCB. 

62. Two straight lines ABy CD, intersect in E, If when 
ACy BD are joined, the sides of the triangle ACE, taken in 
order, are proportional to those of the triangle DBE, taken in 
order, shew that Ay (7, J5, D, lie on the circumference of the 
same circle. 

53. If any triangle be inscribed in a circle, and from the 
vertex a line be drawn parallel to a tangent at either extremity 
id the base, this line will be a fourth proportional to the base 
and two sides. 

54. If a triangle be inscribed in a semicircle, and a per- 
pendicular be drawn from any point in the diameter, meeting 
one side, the circumference, and the other side produced ; the 
segments cut off will be in continued proportion. 

66. If ABCD be any quadrilateral figure inscribed in a 
circle, and BK, DL be perpendiculars on the diagonal AC, 
shew that BK is to BL as the rectangle ABy BO is to the 
rectangle AD, DC, 

56. If a rectangular parallelogram be inscribed in a right- 
angled triangle, and they have the right-angle common, the 
rectangle, contained by the segments of the hypotenuse, is 
equ£ll to the sum of the rectangles, contained by the segments 
of the sides about the right angle. 

57. If from the vertex of an isosceles triangle a circle be 
described, with a radius less than one of the equal sides, but 
greater than the perpendicular from the vertex to the base, 
tlie parts of the base cut off by it will be equal 

58. Through a fixed point J. on a circle, a chord AB is 
drawn, and produced to a point M, so that the rectangle con- 
tained by AB and AM is constant Find the locus of M, 

59. Having given a circle and a point, another point f" 
be determined, such that the Begaie>ii\» oi «a^ ^«t^V 
circle, drawn through either point, a\^«^«vi\i\feTA,^'*QB 

pgint, angles which are eitbei eqaa\ ot sv^yS^^'^^'^^^*^^' 



av 



300 EUCLWS ELEMENTS. [Book VL 

60. From one angle of a triangle, perpendiculars are dropped 
on the external bisectors of the other two angles ; prove that 
the distance between the feet of these perpendiculars is equal 
td half the sum of the sides of the triangle. 

61. Ay B, P, Q, B, are five points in the circumference of 
a circle ; p, q, r, are the intersections of perpendiculars of the 
triangles ABP, ABQ, ABB respectively; prove that the 
triangles PQB, pqr are similar, equal, and similarly placed. 

62. ADf BE, CF&re perpendiculars from the angular points 
of a triangle on the opposite sides, intersecting in P. Prove 
that the rectangle AP, BC is equal to the sum of the rectangles 
PE, A C and PF, AB, 

63. ABC is a triangle, and AD, AE, are drawn to points 
D, Ef in the base, so as to make equal angles with AB, AC, 
respectively. Shew that the square on AB is to the square on 
AG as the rectangle BD, BE is to the rectangle CD, CE, 

64. Find a straight line, such that the perpendiculars, let 
fall upon it from three given points, shall be in a given ratio 
to each other. 

65. Find a fourth proportional to three given similar 
triangles. 

66. If the sides of a triangle be bisected, and the points 
joined with the opposite angles, the joining lines shall divide 
each other proportionally, and the triangle, formed by the 
joining lines, and the remaining side, shall be equal to a third 
of the original triangle. 

67. Find the locus of a point, such that the distance between 
the feet of the perpendiculars from it upon two straight lines, 
given in position, may be constant. 

68. ABCD is a parallelogram, AC, BD diagonals. If 
parallel lines be drawn through A, G, and also through 5, JD, 
the diagonals of all parallelograms so formed will pass through 
the same point. 

69. OPQ is any triangle. OR \>\?.^^\a PC^ \^ ^n ^^^5. 
'Cte OB in S, and cuts OQ m T. ^\i«>N ^V^^ OC^=*i^T. 
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70. If the side J5C, of a triangle ABCy be bisected by a line, 
which meets AB and AC^ produced if necessary, in D and B 
respectively, shew that AB is to BG as AB is to DB. 

71. Two circles are drawn in the same plane, having a com- 
mon centre C If the tangent, at any point P of the inner 
circle, meet the outer in Q, and be produced both ways to 
points -4, £, such that QJ., Q5, are each of them equal to <20, 
the area of the triangle GAB will be constant. 

72. From P, a point without a circle, whose centre is (7, 
two tangents P-4, BB, are drawn, and also a line, meeting the 
circle in D, and AB in ^. If GF be perpendicular to PD, 
then ^D is a mean proportional between PP and FB, 

73. Three circles touch the sides of a triangle ABG in the 
points where the inscribed circle touches them, and touch 
each other, in the points (?, JET, K, Prove that AG, BH and 
CK meet in a point. 

74. K J.P(7 be a right-angled triangle, and BF, parallel to 
PC, the hypotenuse, meet AB, AG in B, F, then BH, FL, 
AK being drawn perpendicular to BG, shew that the diJfference 
of the rectangles GK, GH and BL, BK is equal to the differ- 
ence of the squares on AB, AG, 

76. From a point A in the circumference of a circle two 
chords AB, AG are drawn, cutting off arcs greater than a quad- 
rant and less than a semicircle ; and from the extremity B of 
the greater chord, a line BD is drawn in a direction perpendi- 
cular to that of the diameter through A, and meets AG pro- 
duced in D, Shew that AD is to AB as AB is to -40. 

76. Two circles intersect, and through a point of intersection 
two lines are drawn, terminated by the circumferences of both 
circles ; one of these lines remains fixed, while the other may 
have any position. Shew that the locus of the intersection of 
the lines joining their extremities is a circle. 

77. If the side BG of an equilateral triangle ABG be pro- 
duced to any point 3, and AB be joined, and if a straight 
GE be drawn parallel to AB, cutting AD in E^ ^ro^^ t.\MS<i 
square on AE ia to thst rect. DA, DlSk aa \)cl^ x^^V C1^,C»1 

the square on DC. 
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96. ABCD is a qaadrilateral inscribed in a circle, and its 
diagonals intersect in F. Shew that the rectangle AF, FD is to 
the rectangle BF, FC as the square on AD is to the square 
onjBC. 

97. ABCD is a quadrilateral figure whose opposite angles 
are not supplemental ; the circle described about ABD cuts 
DC in Ef and the circle described about BCE cuts AE in F, 
Shew that the triangle ABF is equiangular to the triangle BCD, 
and the triangle BCF to the triangle ABD. 

98. ACB is a triangle whereof the side -4C is produced to 
D until CD is equal to -40 ; and BD is joined, shew that if 
any line drawn parallel to AB cuts the sides AC and CB, and 
from the points of section lines be drawn parallel to DB, these 
will meet AB in points equidistaut from its extremities. 

99. A and B are fixed points, and AC, BD are perpendi- 
culars on CD, a given straight line : the straight lines AD, BC, 
intersect in E, and EF is drawn perpendicular to CD. Shew 
that EF bisects the angle AFB. 

100. If be the centre of a circle circumscribed about the 
triangle ABC, obtuse-angled at 0, and if in OC a circle be 
described meeting AB in D and E^ then either CD or CE shall 
be a mean proportional between the segments into which they 
respectively divide AB. 

101. The exterior angle CBD of the triangle ,450 is bisected 
by the line BE, which cuts the base produced in E, Shew that 
the square on BE, together with the rectangle AB, BG, ia 
equal to the rectangle AE, EC. 

102. ABCD is a quadrilateral figure inscribed in a circle; 
BA, CD, are produced to meet in F, and AD, BC, are pro- 
duced to meet in Q. Prove that PC is to FB as QA is to QB. 

Also, shew that half the sum of the angles at F and Q is 
equal to the complement of the opposite angle ABC of the 
quadrilateral figure. 

103. Having given the vertical angle, and the ratio of the 
aides containins it, and alao t\i^ ^\'a,\i\^\»^x <2i>uCia ^xt^xMSfississ^ 
'^'^<^le, construct the tiiangye. 
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104. From the eec2c of ft £r(^E!L srrii* iin-v t ?m:'£a; Irr«* 
to meet a given taB?ei %• lait zt'Ia^ vl "Lun 'jlh wzninnn t/ 
the line between the aToe ad -lu -aaic>Bxs iOiLl vf: E17 rts:"'-^^ 
part of the tuigenL 

105. Given in anr irasrgV ^^ tak. "^si^ nr.-- :tf ~.ii» ri:-^ 
and the dirtanoe hccvesem iut 'xrrst, ix -viiL'ii ^jh: izrj-jnxi. laii 
extemal hiMcson est ize bue;. KCffisrusi: -Lift -sruriz^^ 

106L AB ii the d53ZK';er :if ft •rriii*, 2^ i^ij y^zr^ :r. "e^^ 
cireamfeieneey and C lie siiifiC* ^t:i:i-i :if uii* uri J2/. J' ^ 'l'^ 
-ID, BC^ be joined, and -U* sn i^r iz. Z. ^i* :inij* i^iHW. v%»^ 
aboat the tzianfde A£B -rZ. ^:oi^ ^C. ftzii =a iuu-.ii*n«? -r, ^ 
be a third pn^orciceAL ':i> BC^zxi. AB, 

107. Rom a gcven p^^s ^ a TirialSiJi ^sxju^r. ':::.>. ^« '. ♦^^r? . 
meeting a fixed ssiai^ 'zia on P. xsii a irjcii ^ i» ui;^ .-. 'r. 
it 80 that the ledan^ AP, A(i a ^ecsusx F::i>^ *isA, \*^i% 
ofQ. 

106L On a given baie deaerfM a y^^ar-rV, 'Vr.;.ti; *;/^;] >a 
equal to the diffeicnee of the ic-isbnt ^sn rs-r^ sp^^^j nf4<;r^^i 
linee^ ai^ two of the three gcren Zaea r/K&^ vn^^tnf y^^sh^^f 
than thethizd. 

109L If the exterior aazl«s of a trianal^ V;^ uH^^/^aA }fy 
rtnig^t Unes, fonning another triangie, %rjnr KstsiX t^f4 tw// 
trianglee cannot be similar, tmlea thej be *a<^ ^{'tWh^^rttA, 

lia H ABC, A'lrC b-t rlmilar trianjrfiw, *r,d Afi'-A'tr, 
shew the arete of the triangles ar« as J C U/ yf 7;^« 

ill. The alternate angles of a nfrr^Ur Yihxngion hrti j/iiriii1 ; 
shew that the area of the hexagon formed by ihtt tuUirni'JiiUitm 
of the joining lines is one-third of the original Unxsi^hit, 

112. A triangle is divided by a straight line i>ftrRll<»l Ut Um 
hase into two parts, the areas of which ase as 1 i^i H : how 
does the straight line divide the sides t 

113. The line AD is divided into three equal parts in the 

points JB and C; a circle is described ^tVi B %a <i^^w\x^%^A ^ 

S^ SB radios, and any circle cattan|^ \ki\a \a ^ewsr^^^ -«\S>^1:^^ 

MB centre. Shew that if a chord to VK>\k VNv^ cv5eie»>» ^^^ 

11 
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from A, through one of the points of intersection, it will be 
bisected by this point. 

114. ABC is an acute-angled triangle, E and F are the 
middle points of the sides AB and AG, Shew that a line 
drawn from E, equal to EA, '^ meet the base, and another 
from Fy equal to FAy also to meet it^ will intersect the base 
at the same point. 

Hence explain how, by folding a piece of paper such as the 
triangle ABGy it may be shewn that the three angles of a 
triangle are equal to two right aogles. 

115. A line AB is divided into any two parts in O, and on 
the whole line, and on the two parts of it, similar Isosceles 
triangles, ADB, ACE, BGFy are described, the two latter 
being on the same side of the line, and the former on tbe 
opposite side ; if G^, JET, K, be the centres of the circles in- 
scribed in these triangles, prove that the angles AGS, BOK 
are equal respectively to ADG, BDG, and that GH is eqoa] 
to GK. 

116. Within a circle, whose diameter is AB^ another circle 
is inscribed, touching the outer circle in A, and passing 
through its centre 0. From a point N, in AB, a line NQP vi 
drawn, meeting the inner circle in Q, and the outer circle in 
P, AN being equal to one-sixth of AB, Prove that the dnpli- 
cate ratio of NQ to NP is equal to the ratio of 2 to 6. 

117. Describe a square, which shall be equal to the sum of 
a given square and a given rectangle, a side of the given square 
being greater than half the difference of the two sides contain- 
ing the rectangle* 
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INTRODUCTORY REMARKS. 

In Book I. Defl 7.^ it is laid down that a Plane Suiface is 
one in which, if any two points be taken, the straight line be- 
tween them lies wholly in that sorfeu^a 

TMs definition should be extended by the addition of the 
following words, aiad if the si/ra/ight line he produced^ every paiiU 
in the paH produced will lie in the plane, 

Euclid professes to prove this in the first Proposition of 
Book XL, which is thus enunciated : '' one part of a straight 
line cannot be in a plane, and another part out of the plane." 

But this has been assumed again and again in the proofs of 
earlier propositions ; thus, for example, we have called a circle 
tk plane figure, and having drawn any radius to a circle we have 
assumed that the radius, produced within the circumference, 
will meet the circumference. 

From the extended definition of a Plane Surface it follows 
that a straight line, which meets a plane, must either lie 
entirely in that plane, or meet it in one point only ; for if it 
met the plane in two points, it would lie entirely in the plane. 

The Definitions given at the commencement of Book xi. 
relate partly to Plane Surfaces and partly to Solid Flgiures. 
By a slight change in the order in which they stand in the 
Greek text, we obtain the advantage of arranging them in 
accordance with this twofold division. 

Definitions. 

BdaUng to Plane Swrface». 

[. A Plane Surface is one in which, if any two points be 
t en, the straight line between them lies wholly in that sur- 
f e ; and if the straight line be produced, every point in the 
] t produced will lie in the plane. 
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II. When a straight line is at right angles to ev^ry straigl 
line in a plane which meets it, it is said to be perpendicolar 
the plane. 

Noit,—\\, will be shown in Prop. iv. that when a straigt 
line is at right angles to each of two other straight lines 
a plane, which meet it, it is at right angles to every othc 
straight line in the plane which meets it. 

IIL A plane is perpendicular to a plane, when the straighll 
lines, drawn in one of the planes perpendicular to the common 
section of the two planes, are perpendicular to the other plane. 

lY. The inclination of a straight line to a plane is the acatel 
angle, contained by that straight line and another, drawnj 
from the point at which the first line meets the plane, to 
point at which a perpendicular to the plane, drawn firom an] 
point of the first line above the plane, meets the same plane. 

y. The inclination of a plane to a plane is the acute angU 
contained by two straight lines, drawn from any the 8am< 
point of their common section, at right angles to it, one in on< 
plane, and the other m the other plane. 

YI. Two planes are said to have the same inclination to on^ 
another, which two other planes have, when the said angles 
inclination are equal to one another. 

VII. Parallel planes are such as do not meet one anothc 
though produced. 

Relating to Solid Figv/res, 

YIIL A Solid is that which has length, breadth, and thicl 
ness. 

IX. That which bounds a solid is a superficies. 

X. A Solid Angle is that, which is made by the meeting 
more than two plane angles, which are not in the same plan< 
at one point. 
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Definitions I. to X. are all that are required in the part of 
Book XI. included in this work. Those which follow are 
necessary to the explanation of some of the terms, which will 
be found in the Exercises and Examination Papers. 

XI. Similar solid figures are such, as have all their solid 
angles equal, each to each, and are contained by the same 
number of similar planes. 

XIL A Pyramid is a solid figure, contained by planes, which 
are constructed between one plane and one point above it, at 
whi^ they meet. 

Xin. A Prism is a solid figure, contained by plane figures, 
of which two that are opposite are equal, similar, and parallel 
to one another ; and the others are parallelograms. 

XrV. A Sphere is a solid figure, described by the revolution 
of a semicircle about its diameter, which remains fixed. 

XY. The Axis of a Sphere is the fixed straight line, about 
which the semicircle revolves. 

XYL The Centre of a Sphere is the same with that of the 
semicircle. 

XVIL The Diameter of a Sphere is any straight line, which 
passes tl^rough the centre, and is terminated both ways by the 
superficies of the sphere. 

XVIIL A Cone is a solid figure, described by the revolution 

of a right-angled triangle about one of the sides containing the 

[: light angle, which side remains fixed. If the fixed side be 

equal to the other side containing the right angle, the cone is 

jailed a right-angled cone ; if it be less than the other side, an 

btuse-angled cone ; and if greater, an acute-angled cone. 

XIX, The Axis of a Cone is the ftxed ^\»ro:\\^\.\^'i^^^^^ 
hich the tnangle revolves. i 
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XX. The Base of a Cone is the circle, described by that side, 
containing the right angle, which revolves. 

XXI. A Cylinder is a solid figure, described by the revolu- 
tion of a rectangle about one of its sides, which remains fixed. 

XXII. The Axis of a Cylinder is the fixed straight line aboat 
which the rectangle revolves. 

XXIII. The Bases of a Cylinder are the circles, described by 
the two revolving opposite sides of the rectangle. 

XXIV. Similar cones and cylinders are those which have 
their axes and the diameters of their bases proportionals. 

XXy. A Cube is a solid figure^ contained by six equal 
squares. 

XXVI. A Tetrahedron is a solid figure, contained by four 
equal and equilateral triangles. 

XXVII. An Octahedron is a solid figure, contained by eight 
equal and equilateral triangles. 

XXVIII. A Dodecahedron is a solid figure, contained by 
twelve equal pentagons, which are equilateral and equiangular. 

XXIX. An Icosahedron is a solid figure, contained by twenty 
equal and equilateral triangles. 

XXX. A Parallelepiped is a solid figure, contained by six 
quadrilateral figures, of which every opposite two are parallel 

Postulate. 

Let it be granted that a piano may be made to pass throngb 
any given straight line. 



\ 
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Proposition I. Theorem. (EucL xi. 2.) 

If two straight lines meet one another, a plane can he drawn 
to contain both ; and every plane containing both must coincide 
with the aforesaid plane. 






^ f^ ■« 



r 





Let the two st. lines AC, BG meet in G, 

Then a plane can be drawn to contain AG and BG. 
Let any plane EF be drawn to contain AG, Post. 

and let EF be turned about AG till it pass through B. 
Then '.* B and are points in the plane EF, 

.'. BG lies in the plane EF. XI. J}et 1. 

Also, any plane containing AG and BGmust coincide with EF. 
For let Q be any point in a plane containing AG and BG. 
Draw QMN in this plane to cut BG, AG in M and N. 
Then •.* M and N are points in the plane EF, 

.*. Q is a point in the plane EF. XI. Def. 1. 

Similarly, any point in a plane containing AG, BG must lie 
in^^; 

and .'. any plane containing AG, BG must coincide with EF. 

Q. E. D. 



Cor. I. ^ewceii/oZZoi(?siAaiapZau6i8com*pUtd\)dA\«^'t\\^'<vR^ 

hy t?ie conditimi that it passes through two mte?r%wAA?ft,Q 
itnes. 
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Cor. II. A stradgkt line (md a point wiihcyut (he line determine 
a plane. 



t 




Let AB be a straight line, and C a point without AB. 
Draw the at. line CD to any point D in AB. 
Then one plane can be drawn to contain AB and CD, XI. 1. 

.'. one -4jBandO. 

Again, any plane containing AB must contain Z), 

.'. any plane containing AB and G must contain CD also. 
But there is only one plane that can contain AB and CD, 

.*. there is only one plane AB and C. 

Hence the plane is completely determined. 

Cor. III. Three points, not in the same straight line, determine 
a plane. 

For let Ay B, C be three such points (fig. Cor. 2). 
Draw the straight line AB. 

Then a plane, which contains A, B and 0, must contain AB 
and 0, 
and a plane, which contains AB and C, must contain A, By C. 
Now AB and C are contained by one plane, and one only, 

Cor. 2. 
.'. A, By C are contained by one^ plane, and one only. 
Hence the plane is completely determined. 

Cor. IV. Two parallel lines determine a plane. 

For, by the definition of parallel lines, the two lines are in 
the same plane, and as only one plane can be drawn to contain 
one of the lines and any point in the other line, it follows that 
"nly one plaue can be drawn to contain both lines. 
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Proposition IL Theorem. (Eifcl. xi. 3.) 

If two planes cu^ one another, thevr common section must he 
a straight line. 




Let AB and CD be two planes tliat cut one another. 
Then must their common section he a straight line. 

Let M and N be two points common to both planes. 

Draw the straight line MN, 

Then *.* -M and N are common to both planes, 

'.*. tire St. line MN]iea in both planes. XL Def. 1. 
And no point, out of this line, can be common to both planes. 

For, if it be possible, let P be such a point. 

But there can be but one plane common to the point P and 
the St. line MN, XI. 1, Oor. 2. 

. *. P is not common to hoth planes. 

Hence every point in the common section of the planes lies 

1 the straight line MN, 

Q. E. D. 

Note, — The Propositions which follow are numbered »« in 

aclid. 
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Proposition IV. Theorem. 



'\ '■•■X 

If a straight line stand at right angles to each of two 8tra%^^ 1 
lines^ at the point of thei/r intersection, it must also he at righJt ■.; 
angles to the plane that passes through them, t 




Let the st. line EF be x to each of the st. lines AB, CD, 
at E, the pt. of their intersection. 

Then must EF be ± to the plane passing through AB, CD, 

Make AE, EB, CE, ED, all equal to one another, 
and through E, draw, in the plane in which AB, CD are, 
any st. line GEH, and join AD, CB. 

Take any pt. F, in EF, and join FA, FG, FD, FC, FH, FB. 
Then in A s AED, BEC, 

'.' AE-=BE, and DE=CE, and z AED= z BEC, 1. 15. 
.-. AD=BC, and z DAE= z CBE, I. 4. 

Then in A s AEG, BEH, 

:• z AEG = z BEH, and z GAE = z HBE, and AE=BE, 
.'. GE=HE, and AG=BH. I. b. p. 17. 

Then in A s AEF, BEF, 
'. ' AU = BE, and EF is con\moT\, vx^^i \"t. l AE.i? =-xt. l BEF, 
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So also, CF=DF 
Then m£i 6 ADFyBCF, 
'.' AB=^BG, and AF=BF, and DF^CF 

.-. I BAF^^ I CBF. Lap. 18. 

Again, in A s AFG, BFH, 

••• AF-=BF, and AG=-BH, and l FAG =^ l FBH, 

.-. FG=FH. I. 4. 

Then in A s FEG, FEH, 

••• GE=HF, and ^J?^ is common, and Fff^FHy 

.'.lFEG^'iFER. Lg 

.A JE?^ is X to GB. 

In like mannei it may be shown that EF is JL to every st. 
line which meets it in tne plane passing through AB, CD. 

A J5^ is J. to the plane, in which AB, CJ) are. XL Def. % 

Q. £. D. 
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Proposition V. Theorem. 

If three straight lines meet all at one point, and a straight^ 
line stand at right angles to each of them at that point, the> three 
straight lines must he in one and the sams plane. 




Let the st. line AB be ± to each of the st. lines BC, BD, 
BE, at B, the pt. where they meet. 

Then must BC, BD, BE be in one and the same plane, 

r 

If not, let BD, BE be in one plane, and BC without it, and 
let a plane, passing through AB, BCy cut the plane, in which 
BD and BE are, in the st. line BE. XI. 2. 

Then ABj BC, BE are all in one plane. 
And ••• AB i3± to BD and BE, 

.*. AB isx to the plane in which BD and BE are, XI. 4. 
and .-. AB is± to BE, a st. line in that plane. XI. Def. 2. 
Thus z ABE is a rt. z , 
and z ABC is a rt. z ; Hyp. 

.:iABC= lABF, 
the less = the greater, which is impossible. 

.'. BC is not without the plane, in which BD, BE are, 
and . '. BO, BD, BE aie in one aii^ \}aa ^tscoi^i ^\ds\&. 
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Proposition VI. Theorem. 

If two straight lines be at right angles to the same plane, they 
must be parallel to one another. 




Let the st. lines AB, CD be ± to the same plane. 

Then must AB be \\ to CD, 

Let AB, CD meet the plane in the pts. B, D. 

Join BD, and draw DEi. to BD, in the same plane. L 11 

Make DE = AB, and join BE, AE, AD, 
Then •.* AB isx to the plane, 

.-. AB is A. to BD and BE, XI. Def. 2. 

and .'. each of the z s ABD, ABE is a rt. z . 
So also, each of the z s CDB, CDE is a rt. z .' 
Then, in A s ABD, EDB, 
.' AB = ED, and BD is common, and rt. z ABD=Tt. z EDB, 

.'.DA = BE, L4. 

Again, in as ABE, EDA, 

',' AB = ED, and BE = DA, and ^^ is common, 

.: I ABE -^ A EDA, L c. 

But z ABE is a rt. z ; 

.-. z J&D-4 is a rt. z , 
and .*. ED is ± to J-D. 
Thus j&J> is ± to BD, AD, CD, at the pt. where they meet, 
and .*. BD, AD, CD are all in one plane. XI. 5. 
But AB is in the plane, in which BD and AD are ; XL 1. 
and .*. AB, BD, CD are all in one plane. 
Then •.• each of the z s ABB^ CDB Ss^ %.^. l , 

.-.^jB is 11 to CD. ^^^^ 
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Proposition VII. Theorem. 

If two straight lines he 'parallel, the straight line drawn from 
any point in the one to any point in the other, is in the seme 
plane with the parallels. 




Let AB and CD be parallel straight lines. 
Take any pts. E, F in AB and CD. 

Then must ike st. Vine joining E and F he in the same plane as 

AB, CD. 

If not, let it be without the plane, as EGF, 

In the plane ABCD, in which the parallels are, 

di-aw the st. line EHF from E to F. 

Then the two st. lines EOF, EHF enclose a space, 

which is impossible. I. Post. 5. 

.'. the St. line joining E and F cannot be out of the plane, 
in which the parallels AB. CD are. 

.*. it is in that plane. 

Q. E. D. 

Note. — We have proved this Proposition as Cor, iv. to 
Prop. I. 
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Proposition VIII. Theorem. 

If tvH) straight lines be pa/raMel, and one of them he ai right 
angles to a pUi/ne, the other must he at right angles to the same 
plane. 




Let AB, CD be two || st. lines, 
and let one of them, AB, be x to a plane. 

Then m/ast CD he x to the same plane. 

Let AB, CD meet the plane in the pts. B, D ; and join BD\ 
then AB, BD, CD are all in one plane. XI. 7. 

In the plane, to which AB is x , draw DEx to BD, 

make DE=ABy and join BE, AE, AD, 
Then •.• AB is x to the plane, 

.'. each of the z s ABD, ABE is a rt. z ; XI. Def. 2. 
and *.' BD meets the || st lines AB, CD, 

/. 1 8 ABD, CDB together=two rt. z s, L 29. 

and .'. z CDB is a rt. z , and CD is x to BD, 
Then in the As ABD, EDB, 

.• AB=ED, and BD is common, and rt. z J.JBD=rt. z EDB. 

.\ AD^EB. I. 4. 

Then in as ABE, EDA, 

••• AB=ED, and AE is common, and EB=^AD, 

,\ I ABE ^JL EDA; La 

and .*. z EDA is a rt z • 

Hence ED is x to DA, and it is «klao r Vi BD^\s^ ^ss\s.^«^.^ 
.:^2?i8X to the plane in ^\iMi\i DA, BD^t^,"^ "^ 
findr.J^jDis X to DC, wMch la ixx t\ioX ^\KSife. "X^-"^ 
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Hence CD is ± to DE. 
Now CD is ± to BB. 

.'. CD is ± to the plane passing through DjE^,2)jB. XLi 
.'. CD is ± to the plane to which AB is ± . 



Proposition IX. Theorem. 

Tioo straight lines, which cure each of them, parallel to the sam 
straight lin*, and not in the same plane with it, are paraUd to 
one another. 



Ji 





K 



Let AB, CD be each of them || to EF, 
and not in the same plane with it. 

Then must AB be\\to CD. 

In EF take any pt. G. 

From G draw, in the plane ABEF, GH ± to EF, 
and, in the plane CDEF, GK ± to EF. 

Then •.• EF is ± to GH and GK, 

.: EF is ± to the plane HGK ; 
and '.' EFh \\ to AB, 

.'. J^^ is ± to the plane HGK. 

So also CD is ± to the plane HGK. 
.:AB'\% \\ to CD. 



1. 11. 
XI. 4. 

XI. 8. 
XI. 8. 
XI. 6. 



F 
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Proposition X. Theorem. 

If two straight lines meeting one another be paraUd to two 
others, (hoi rneet one another, and a/re not in the same plane with 
the first two, the first two and the other two must contain equal 
angles. 




Let the two st. lines AB, BC, meeting at B in the plane ABC, 
be II to the st lines DE, EF, meeting at E in the plane DEF. 

Then must l ABC =l DEF. 

Make BA =^ED, and BC-=-EF, ^ I. 3. 

and join AD, BE, CF, AC, DF. 

Then •.• ^B is = and j) to DE, 

.-. -4Dis = andI|toB^. 

So also, (7F is = and II to BE> 

.'. ADk^md \\ to CF, 

and .-. -40 is = and 11 to DF. 

Then in A s ABC, DEF 

'.' AB = DE, And BC = EF, md AC ^ DF, 

.-. I ABC = z DEF. I. c. 



1.33. 

Ax. 1 and XL 9. 
L33. 



22 



Q. E. D. 
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Propositiow XL Pboblkm. 

To draw a straight line perpendicuUw to a gvoenpUxMy from 
a given point wUhout it. 




Let A be the given pt without the plane BH. 

It ia required to draw from Aast. line j. to ike plane BH, 

In the plane, draw any st. line BC^ 

and from A draw ADi. to BC. L 12. 

Then if AD hex to the plane, what was required is done. 
If not, from D draw, in the plane BR, DF± to BC. L 1 1. 
and from A draw AF±to DE: L 12. 

^J^.will hex to the plane BH. 
Through F, draw GH it to BC. I. 31. 

Then •.• 50 is ± to both AD and DE, 

.'. BC ia± to the plane AFD ; XI. 4. 

and GfB^ is II to BO, 
.-. GH is± to the plane AFD. XI. 8. 

Hence OH isx to the line ^JP^ in that plane ; XI. Def. 2. 

and .\ AF is ± to GH. 
Also, AF is J. to DE, by construction ; 

. '. ^ J^ is ± to the plane passing through GH, DE, XL 4 
that is, AF is± to the plane BH. 
Thus from A a line AF is drawn ± to the plane BH 

Q.E. F. 
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Proposition XII. Problem. 

To erect a straight line at right angles to a given plane, from 
a given point in the plane. 



n 



Let A be the given pt. in the given plane. 

It is required to erect a st line from A ± to the plane. 

From any pt. B, without the plane, draw jBOj. to it, XI. 11. 
and from A draw AD \\ to BC. I. 31. 

Then *.• AD, BC are two il st. lines, 
of which BC is± to the given plane, 
.'. AD is± to the plane, XI. 8. 

and a line has been erected from A J. to the plane. 

t^ B. F. 
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Proposition XIII. Theorem. 

From, the same point in a given plane^ there cannot he two 
straight lines at right angles to the plane, upon the sa/me side of 
it ; and there ca/n he hut one perpendicula/r to a plane from a 
point without the plane. 




If it be possible, let two st. lines AB, -40, be at rt. z sto 
a given plane, from the same pt. A in the plane, and upon the 
same side of it. 

Let a plane pass through AB, AC: the common section 
of this with the given plane, is a st. line, passing through 
A. XL 2. 

Let DAE be the common section of the planes. 

Then the st. lines AB, AC, DAE are in one plane. 

And *.• CA is at rt. z s to the given plane, 

.*. CA is at rt. z 8 to every st. line that meets it in 
that plane, XI. Def. 2. 

and DAE, which is in that plane, meets it ; 

.'. z CAE is a rt. z . 

So also, z BAE is a rt. z . 

.'. z CAE = z BAE, in the same plane ; which is im- 
possible. 

Also, from a pt., without a plane, there can be but one 
perpendicular to that plane ; for if there could be two, they 
would be parallel to one axiothfti \ "whicli va impossible. XL 6. 
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Proposition XIV. Theorem. 

Planes, to which the same straight line is perpendiculary are 
parallel to one another. 




Let the st. line AB be± to each of the planes CD, EF. 

Then must CD he parallel to EF, 

If not, let them meet, and let the st. line GH be their com- 
non section. 

In GH take any pt. K, and join AK, BK, 

Then •.• ^5 isx to the plane EF, 

.'. AB is i. to BKy a st. line in that plane, XI. Def. 2. 

1 
and .'. I ABK, is a rt. z . 

So also, L BAK is a rt. z . 

Hence two z s of the A ABK are together = two rt. z s ; 
vhich is impossible. 1. 17. 

.-. the planes CD, EF do not meet when produced, 

md .-. 02> is II to EF. XI. Def. 7. 

Q. £. D. 
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Proposition XVII. Theorem. 

If tico straight lines be cut by paralM planes, they must be 
cut in the same ratio. 




Let the st. lines AB, CD be cut by the || planes 
GH, KL, MN in the pts. A,E,B\ C, F, D, 

Then must AE he toEBasCFisto FD. 

Join AC, BDy AD. 

Let AD meet the plane KL in the pt. X; and join EX, XF, 

Then •/ the |1 planes KL, MN, are cut by the plane EBDXj 

.-. EX is II to BD. XL 16. 

And •.* the || planes GH, KL, are cut by the plane AXFCy 

.-. Xi^isllto^O. XL 16. 

Now '.• EX is II to BD, a side of A ABD, 

.-. AE ia to EB OS AX is to XD ; VI. 2. 

and •.• XF is || to ^0, a side of A ADC, 

/. AX is to XD as GF is to FD, VI. 2. 

Hence AE \b to EB aa CF ia to FD, V. 5. 

Q. £. D. 
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Proposition XVIII. Tseorem. 

If a straight line be at right angles to a plane, every planej 
which passes through it, must he at right ofngles to thaJt plane. 




Let the st. line AB be± to the plane CK, 

Then must every plane passing through AB he ± to 

the plane CK, 

Let any plane DE pass through AB, and let CE be the 
common section of the planes DE, CK, 

Take any pt. F in CE, 

In the plane DE draw i^G^x to CE. 1, 11. 

Then ••• AB is± to the plane CK, 

.'. AB isx to CE, a st. line in that plane ; XI. Def. 2. 
and .'. z ABF is a rt. z . 
Now z GFB is a rt. z , by constmction ; 

.-. jP^isllto^jB. 128. 

And AB isx to the plane CK, 
.-. jPG^ isx to the plane CK". • XI. 8. 

Then ••• FG, a st. line in the plane DE, drawn x to CE, 
the common section of DE and CK, is x to CK, 

' ,\ the plane DE isx to the plane CK, XI. Def. 3. 

So it may be proved that all planes, 'w\nfi\i'^^^&^ik£&^^^ -^^^ 
»re± to the plane OK, 
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Proposition XIX. Theorem. 

If two planes, which cut one another, be each of the/in perpemr- 
dicular to a thi/rd pkme. their c&m/mon section must beperpenr 
dicular to the same plane. 




Let the two planes AB, BC be each x to a third plane, and 
let BD be the common section of AB and BG, 

Then must BD he ± to the third plane. 

If it be not, draw, in the plane AB, the st. line 

DE ± to AD, the common section of AB with the third 
plane ; I. 11. 

and draw, in the plane BC, the st line DF j. to DC, the 
common section of BC with the third plane. L 11. 

Then •.• the plane AB isxto the third plane, 
and DE is drawn in the plane ABi. to the common section, 
.'. DE is J. to the third plane. , XI. I)ef. 3. 

So also, DF is ± to th6 third plane. 

Hence, from the pt D, two st. lines are drawn ± to the third 
plane, and on the same side of It; which is impossible. XI. 13. 
.*. no other line but BD can be J. to the third plane at D ; 
.-. BD is ± to the third plane. 

Q. E. D. 
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Proposition XX. Theorem. 

If a solid angle be contained by three plane angles, any ttoo of 
ihem must be together greater than the third. 




B ^ 

Ijet the solid z at JL be contained by the three plane z s 
BAC, CAD, DAB. 

Any two of these m/ust be together greaJter than the third. 
If the z s BAC, CAD, DAB, be all equal, any two of them 
are together greater than the third. 

If they are not equal, let BAC be that z , which is not less 
than either of the other two, and is greater than one of them, 
DAB. 

At A, in the plane passing through AB, AC, make 
z BAE = z DAB, I. 23. 

and inake^^= J.D, and through E draw the st. line BEC, 
cutting AB, AC, in the pts. B, C; and join DB, DC. 
Then in Aa ABD, ABE, 

•.• AD = AE, and AB is common, and z BAD = z BAE, 
.\DB==BE. 1.4. 

Then *. • DB, DC together are greater than BC, I. 20. 

and DB=BE, a part of BC, 
.'. DC is greater than EC. 
Then in a s ADC, AEC, 

'.' AD=^AE, and AC\a common, and DC greater than EC, 
.'. L DAC is greater than z EAC. I. 25. 

Also, by construction, z DAB = z BAE, 

.'. z s DAC, DAB together are greater than z s BAEy 
EAC together ; 
that is, z s DAC, DAB together are greater than z BAC. 
Again, z BAC is not less than either of the z s DAC, DAB, 
and .'. z BAC with either of them is greater than the other. 

Q. E. 
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Proposition XXL Theorem. 

Evenj solid angle is contained hy plane a/ngles, which an 
together less than four right angles. 




First, let the solid a aiAhe contained by three plane i s 
BACy CAD, DAB, 

These shall he together less than fov/r right angles. 

Take, in each of the st. lines AB, AC, AD, any points 
B, 0, D, and join BG, CD, DB. 

Then •.• the solid z at jB is contained by the three plane 

z s CBA, ABD, DBC, 
.*. z s CBA, ABD are together greater than z DBC. XI. 20. 
So also, z s BCA, ACD are together greater than z BCD, 
and z s CD A, ADB are together greater than z CDB. 
,'. the six z s CBA, ABD, BCA, ACD, CD A, ADB are 
together greater than the three z s DBC, BCD, CDB, and 
are .*. together greater than two rt. z s. 

Again, •.* the three z s of each of the A s ABC, ACD, ADB 
are together equal to two rt. z s, I. 32. 

.-. the nine z s CBA, BAC, ACB, ACD, CDA, DAC, ADB, 
DBA, BAD are together equal to six rt. z s ; and of these 
the six zs CBA, ACB, ACD, CDA, ADB, DBA, have 
been proved to be together greatet thaii two rt. z s, 
and .: the three z s BAG, CAD, DAB,^V\Oq. ^ojti^ac^ »(&& 
Bolid z at A, are togetber leaa t^vau ioxxx tV.. l ^. 
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Next, let the solid l at A be cont-ained by any number of 
plane l^BAG, CAD, DAE, EAF, FAB. 

These must he together less than fmjur rt. l s. 




Let the planes, in which the l s are, be cut by a plane, and 
let the common sections of it with those planes be BO, CD, 
DE, EF, FB. 

Then •.* the solid z at jB is contained by the three plane 
z s CBA, ABF, FBC, of which any two are together greater 
than the third, XL 20. 

.-. z s CBA, ABFsLie together greater than z FBC 

So also, the two plane z s at each of the pts. C, D, E, F, 
which are at the bases of the A s having the common vertex A, 
are together greater than the third z at the same pt, which 
is one of the z s of the polygon BCDEF: 

.'. all the z s at the bases of the A 3 are together greater than 
all the z s of the polygon. 

Now all thezs of the as together = twice as many rt. z s 
as there are As, that is, as there are sides in the polygon 
BCDEF : I. 32. 

and all the z s of the polygon, together with four rt. z s, 
together = twice as many rt. z s as there are sides in the 
polygon. I. 32. Cor. 1 

.*. all the z s of the as together = all the z s of the polygon 
together with four rt. z s. 

But all the z s at the bases of the A s have been proved to be 
together greater than all the z s of the polygon ; 

.•. all the z s at the vertex A are toge\^ier\«a!a^^svl^Nix^. l^. 
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MiscedanMUi Equtcxmb on Book XL 

1. If two straight lines in one plane, be equally indioed to 
another plane, they will be equally inclined to the oomnum 
section of the two planes. ^ 

2. Two planes intersect at right angles in the line AB ; fiEwn 
a point in this line are drawn CJS and CF in one of the 
planes, so that the angle AOE is eqnal to BCF. Shew that 
CE and CF will make eqnal angles with any line through in 
the other plane. 

3. ABC is a triangle ; the perpendiculars from A^ B, on the 
opposite sides, meet in D, and through D is drawn a straight 
line, perpendicular to the plane of the triangle ; if ^ be any 
point in this line, shew that EA, BC ; EB, CA ; and EC^ AB ; 
are respectively perpendicular to each other. 

4. A number of planes have a common line of intersection: 
what id the locus of the feet of perpendiculars on them from a 
given point ? 

5. Two perpendiculars are let fall from any point on two 
given planes : shew that the angle between the perpendiculars 
wUL be equal to the angle of inclination of the planes to one 
another. 

6. If perpendiculars AF, A'F^ be drawn to a plane from 
two points Ay A\ above it, and a plane be drawn through A 
perpendicular to AA\ its line of intersection with the given 
plane is perpendicular to FF*. 

7. Prove that equal straight lines drawn from a g^ven point 
to a plane are equally inclined to the plane. 

8. Prove that the inclination of a plane to a plane is equal 
to the angle between the perpendiculars to the two planes. 

P. JProm a point above a \l\axL^ \»"wq v^>t^\!^^\\i^<qa are drawn, 
the one at right angles to ^i3cLe p\asie> ^^ o'Csxsst ^\» tv^\. vs^s^^a^ 
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to a given line in that plane : shew that the straight line join- 
ing the feet of the perpendiculars is at right angles to the given 
line. 

10. In how many ways may a solid angle be formed with 
equilateral triangles and squares ? 

11. Two planes are inclined to each other at a given angle. 
Cut them by a third plane, so that its intersections with the 
given planes shall be perpendicular to each other. 

12. ABf ACy AD, are three given straight lines, at right 
angles to one another. ^^ is drawn perpendicular to CD, and 
BE is joined. Shew that BE is perpendicular to CD. 

13. Two wajls meet at any angle. Shew how to draw on 
their surfaces the shortest line joining a point on one to a point 
on the other. 

14. Straight lines are drawn ^m two points to meet each 
other in a given plane. Find when their sum is the least 
possible. 

15. If two parallel planes be cut by a third plane in the 
straight lines AB, ab, and by a fourth plane in the straight 
lines ACfOO respectively, the angle BAO will be equal to the 
angle 606. 

16. If four points be so situated, that the distance between 
each pair is equal to the distance between the other pair, prove 
that tiie angles subtended at any one point by each pair of the 
others are together equal to two right angles. 

17. Give a geometrical construction for drawing a straight 
line, which shall be equally inclined to three straight lines, 
meeting at a point. 

18. A triangular pyramid stands on an equilateral base. The 
angles at its vertex are right angles. The square on the per- 
pendicular from the vertex on the \ma^ \& QT\fir^(^av^ ^ "^c^ 
square on either of the edges. 
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19. If one of the plane angles, fonning a solid angle, be a 
right angle, and the sum of the other two be equal to two ri^t 
angles, and a plane be drawn, catting off equal lengths from 
the two edges, containing the right angle, the sum of the 
squares on the three straight lines, subtending the plane 
angles, will be double of the squares on the three edges, con- 
taining them. 

20. If P be a point in a plane, which meets the containing 
edges of a solid angle in A^ B, C, and be the Angnlar point, 
shew that the angles PDA, FOB, POO are together greater 
than half the afigles AOB^ BOC^ COA, together. 



BOOK XII. 

LEMMA. 

If from Ihe greater of two unequal nKzgnitudes of the same 
hind (here he taken more than its half a/nd from the remaind^ 
more than its half and so on, there m/ust at length remam a 
magnitude less than the smaller of the proposed Tifiagnitvdes. 

Let A and B be two unequal magnitudes of the same Mnd, 
of whieh A is the greater. 

Then if from A there he taken more than its half andfrom^ 
the remainder raore than its half, a/nd so on; there m/ust at 
length remain a m^nitude less than B, 

Take a multiple of B, as mB, greater than A ; and divide A, 
by the process indicated, taking from it a magnitude greater 
than its half, and from the remainder a magnitude greater than 
its hal^ and carry this process on till there are m divisions, 
and call the parts successively taken away 

C, D, E, F Z 

Now mB==Bf B, B repeated m times, 

and A is greater than the sum of CyDyE^„,Z m in number. 

Then Z, the last remainder, must be less than B. 

For if not, since each of the preceding remainders is greater 
than Z, each of them would be greater than B^ and the sum of 

CyD Z would therefore be greater than mB ; that is, A 

would be greater than mB, which is contrary to the hypothesis. 
.*. Z is less than B, 

2S& 
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Proposition I. Theorem. 

Similar polygons inscribed in circles cure to one another as the 
squares on the diameters of the circles. 





Let ABODE, FGHKL be similar polygons inscribed in two 
© s, and let BM and GN be diameters of the © s. 

Then must polygon ABODE he to polygon FGHKL 
as sq. on BM is to sq. on GN, 

Join AM, BE ; FN, GL. 

Then A BAE is equiangular to A GFL. 

.'. iAEB = iFLG. 
But z AMB= L AEB, in the same segment, 
and z FNG = z FLG, in the same segment, 

.-. iAMB^lFNG. 
also, z BAM= z GFN, each being a rt. z , 
.*. A ^J5Mis equiangular to A FGN, 
.-. AB is to BMb&FG is to GN, 
and .'. AB is to FG as 5M is to GN. 

.'. the duplicate ratio of AB to ^(T=the duplicate ratio* 
of BM to GN V. 21. 

But polygon ABODE has to polygon FGHKL the dupli- 
cate ratio of AB to jPG^. VI. 21. 
And sq. on BM has to sq. on GN the duplicate ratio of 
BM to GN VI. 21. 
•*• polyg^^ ABODE is to polygon FGHKL as sq. on jBM 
is to sq. on G^.^. V. 5. 



VI. 21. 



III. 21. 



III. 31. 

VI. 4. 
V. 15. 



^. '«..^, 
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Proposition II. Theorem. 
Circles are to one another as the squares on their diameters. 







Let ABCD, EFGH be two ©s, and BD, FH their 
diameters : 

Then must © ABCD he to® EFGH as sq. on BD 

is to sq. on FH, 

For, if not, sq. on BD must he to sq. on FH as © ABCD 
is to some space either less than © EFGH, or greater than it. 

First, if possible, let it be as © ABCD is to a space 8 less 
than © EFGH. 

In © EFGH describe the square EFGH. IV. 6. 

This square is greater than half of the © EFGH. 

For the sq. EFGH is half of the square, which can be 
formed by drawing straight lines to touch the circle at the 
points E, F,G,H; and the square t\i\xa iotmfe^Ss^ ^^a^Kt'^iowa. 
the O; 

. '. aq. EFGH is greater lYiau \i»\i oi >i3ckfe ^ * 
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Bisect the arcs EF, FQ, GH, HE at the pts. K, L, M, Ny 
and join EK, KF, FL, LG, GM, MH, HN, NE. 

Then each of the A 8 EKF, FLG, GMH, HNE, is greater 
than half of the segment of the circle in which it stands. 

For A EKF = half of the O, formed by drawing a at line 
to touch the at K, and parallel st. lines through E and F ; 
and the O thus formed is greater than the segment FEE ; 

.*. A EKF is greater than half of the segment FEK, and 
similarly for the other A s. 

.*. sum of all these triangles is greater than half of the sum 
of the segments of the © , in which they stand. 

Next, hisect EK, KF, etc., and form A s as before. 

Then the sum of these A s is greater than half of the smn of 
the segments of the , in which they stand. 

If this process be continued, and the A s be supposed to be 
taken away, there vdll at length remain segments of s, which 
are together less than the excess of the © EFGB. above the 
space S, by the Lemma. 

Let segments EK, KF, FL, LG, GM, MS, HN, NE be 
those which remain, and which are together less than the 
excess of the © of the above S, 

Then the rest of the ®, i.e. the polygon EKFLGMHN^ is 
greater than S. 

In © ABGD inscribe the polygon AXBOCPDR similar to 
the polygon EKFLGMHN, 

The polygon AXBOGFDB is to polygon EKFLGMHN as 
sq. on BD is to sq. on FH, XIL 1. 

that is, as © ABGD is to the space 8. Hyp* and V. 5. 

But the polygon AXBOCPDR is less than © ABGD, 

.'. the polygon EKFLGMHN is less than the space 8 ; V. 14. 
but it is also greater, which is impossible ; 

. •, sq. on BD is not to sq. on FH as © ABCD is to any space 
less than © EFGH, 

9 same way it may \>e a\io^Ti \)Q»i^ 
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sq. on FH. is not to sq. on BD as © EFGH is to any space 
less than © ABGD, 

Nor is sq. on BD to sq. on FH as © ABGD is to any space 
^eater than © EFGH, 







For, if possible, let it be as © ABCD is to a space T, greater 
than © EFQB. 

Then, inversely, sq. on FH is to sq. on BD as space T is 
to © ABCD, 

But as space T is to © ABGD so is © EFGH to some 
space, which must be less than © ABGD, because space T is 
greater than © EFGH, V. 14. 

.'. sq. on FH is to sq. on BD as © EFGH is to some space 
less than © ABCD ; which has been shewn to be impossible. 

.*. sq. on BD is not to sq. on FH as © ABCD is to any 
space greater than © EFGH 

And it has been shown that 

sq. on BD is not to sq. on FH as © ABCD is to any 

space less than © EFGH 

.'. sq. on BD is to sq. on IJ'H as ® ABCD V^ V^ ^ ^^0.^^ 

c^. ^.. ^ 
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Ta'pwz on Evdid (Books VI., XI., and XII.) set in the 
Cambridge MatJiemcUiccU Tripos. 

1849. Yi. 4. Apply this proposition to prove that the rect- 
angle, contained hy the segments of any 
chord, passing through a given point within 
a circle, is constant. 

XI. 11. Prove that equal right lines, drawn from a 
given point to a given plane, are equally 
inclined to the plane. 

1860. VI. 10. AB is a diameter, and P any point in the cir- 
cumference of a circle ; AP and JBP are 
joined and produced, if necessary ; if from 
any point C of AB a perpendicular be drawn 
to ABy meeting AP and BP in points D 
and E respectively, and the circumference of 
the circle in a point P, shew that CD is a 
third proportional to CE and CF, 

1851. VI. 3. If A, By C be three points in a straight line, 

and D a point, at which AB and BC subtend 
equal angles, show that the locus of the 
point D is a circle. 

XI. 8. From a point E draw EC, ED perpendicular 
to two planes CAB, DAB, which intersect 
in AB, and from D draw DF perpendicular 
to the plane CAB, meeting it in P : shew 
that the line, joining the points C and F, 
produced if necessary, is perpendicular to 
AB, 

1852. VL 2. If two triangles be on equal bases, and between 

the same ipax^kWeib, ^\i^ Ime^ parallel to their 
baaes, will c\x\. oS. ^o^A ^st^"aa S;:t«K!L *Cxn&\jr^ 

T.rians;i©a. 
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1868. zi. 11. ABCD is a regular tetrahedron, and, from 

the vertex A, a perpendicular is drawn to 
the base BCD, meeting it in : shew that 
three times the square on ^0 is equal to twice 
the square on AB, 

ld&8» Yi. 6. If the vertical a^gle (7, of a triangle ABC, be 

bisected by a line, which meets the base in 
2>, and is produced to a point E, such that 
the rectangle, contained by CD and CE, is 
equal to the rectangle, contained hy AC and 
CB : shew that if the base and vertical angle 
be given, the position of J^ is invariable. 

XL 21. If BCD be the common base of two pyramids, 
whose vertices A and ^' lie in a plane pass- 
ing through BCf and if the two lines AB, AC, 
be respectively perpendicular to the faces 
BA'D, CA'D, prove that one of the angles at 
A, together with the angles at A', make up 
four right angles. 

1854. VL 16. EA, EA' are diameters of two circles, touching 

each other externally at Jff ; a chord AB of 
the former circle, when produced, touches the 
latter at C, while a chord A'B! of the latter 
touches the former at G : prove that the rect- 
angle, contained by AB and A'B^, is four 
times as great as that contained by BC and 

XI. 20. Within the area of a given triangle is described 
a triangle, the sides of which are parallel to 
those of the given one : prove that the sum 
of the angles, subtended by the sides of the 
interior triangle, at any ^oint, not in the plane 
of the triangles, is less than the sum of Uie 
angles, subtended at the same point by the 
sides of the exterior triangle. 

1855. VI. 2. A tangent to a circle, at the point A, intersects 

two parallel tangents in B, C, the points of 
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contact of which with the circle are D, jB, 
respectively : shew that if jB^, CD, intersect 
in j; ^ J" is parallel to the tangents £2>, CB, 

1855. XI. 16. From the extremities of the two parallel straight 

lines AB^ CD, parallel Hnes Ack, Ebj Ce, Ddy 
are drawn, meeting a plane in a, &, c, (2 : prove 
that AB is to CD as a6 is to cc{, taking the 
case, in which Ay B, C, D are on the same 
side of the plane. 

1856. VI. Def. 1. Enunciate the propositions, which prove 

that in the case of triangles the conditions of 
similarity are not independent 

XI. 11. Shew that the perpendicular, dropped firom the 
vertex of a regular tetrahedron upon the 
opposite base, is treble of that dropped fix)m 
its own foot upon any of the other bases. 

1857. VI. 19. Any two straight lines, BB', 0(7, drawn parallel 

to the base DiX, of a triangle ADD, cut 
AD in B, C, and AD in B\ O ; BC, B'C, 
are joined . prove that the area ABC' or 
AB'C varies as the rectangle, contained by 
BB'fiCf, 

XI. 16. A triangular pyramid stands on an equilateral 
base, and the angles at the vertex are right 
angles : shew that the sum of the perpendi- 
culars on the faces, from any point of the 
base, is constant. 

1858. VT. 15. Find a point in the side of a triangle, from 

which two lines, drawn one to the opposite 
angle, and the other parallel to the base, shall 
cut off, towards the vertex and towards the 
base, equal triangles. 

XI. 11. Two planes intersect : shew that the loci of the 
points, from which perpendiculars on the 
planes ate ec^aV \)0 «». ^^tl ^\iTMk^!o^» ^isv^^^^c^ 
straight Wivea *, axi^ ^)aaX» ^«vjct ^^wbjaae* Ts^asj \i^ 
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drawn, each passing through two of these 
lines, such that the perpendiculars, from any 
point in the line of intersection of the given 
planes, upon any one of the four planes, shaU 
be equal to the given line. 

). VI. 31. Shew that, on a given straight line, there may 
be described as many polygons of different 
magnitudes, similar to a given polygon, as 
there are sides of different lengths in the 
polygon. 

XL 20. Three straight lines, not in the same plane, 
intersect in a point, and through their point 
of intersection another straight line is drawn 
within the solid angle formed by them : prove 
that the angles, which this straight line makes 
with the first three, are together less than the 
sum, but greater than half the sum of the 
angles which the first three make with each 
other. 

). yi. ▲. If the two sides, containing the angle, through 
which the bisecting line is dirawn, be equal, 
interpret the result of the proposition. 
Prove from this proposition and the preceding, 
that the straight lines, bisecting one angle of 
a triangle internally, and the other two ex- 
ternally, pass through the same point. 

XI. 17. If three straight lines, which do not all lie in 
one plane, be cut in the same ratio by three 
planes, two of which are parallel, shew that 
the third vdll be parallel to the other two, if 
its intersections with the three straight lines 
are not all in one straight line. 

1. VI. 6. From the angular points of & i^axaXL^iXss^xxsv 
ABCD, perpeiidicvxVaia «ce> ^twitcl ^-^ ^v^*^ 
diagonals, meetm^r t\i«rcL 'yb. ■B,'5%^'»^ "* 
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spectively ; prove that EFGH is a parallelo- 
gram similar to ABCD, 

1861. XL 12. Shew that the shortest distance between two 

opposite edges of a regular tetrahedron is 
equal to half the diagonal of the square, de- 
scribed on an edge. 

1862. Yi. 1. Lines are drawn from two of the angular points 

of a triangle, to divide the opposite sides in 
a given ratio ; prove that the line, joining 
the third angular point with the point of in- 
tersection of these two lines, either bisects 
the opposite side, or divides it in a ratio 
which is the duplicate of the given ratio. 

XL 21. If four points be so situated that the distance 
between each pair is equal to the distance 
between the other pair, prove that the angles 
subtended at any one of these points by each 
pair of the others, are together equal to two 
right angles. 

1863. VI. 4. The internal angles at the base of a triangle, and 

the external angle at the vertex, are bisected 
by straight lines ; prove that the three points, 
in which these straight lines meet the oppo- 
site sides respectively, lie on one strai<^ht 
line. 

H. 17. If each edge of a tetrahedron be equal to the' 
opposite edge, the straight line, joining the 
middle points of any two opposite edges, 
shall be at right angles to each of those 
edges. 

1864. VI. 23. If one parallelogram have to another parallelo- 

gram the ratio, which is compounded of the 
ratios of their sides, the parallelograms shall 
be equiangular. 

XI. 12. On a pven ec\yr\'!v.\.et?i\ Vtvkx\^^ ^^-a.wJci^. -»» 



Boom VL XL and Xn.] SENA TE-HOUSE RIDERS. '347 

1666. 71. 19. The opposite sides, BAy CD of a quadrilateral 

ABCDf which can be inscribed in a circle, 
meet, when produced, in,E ; F Is the point 
of intersection of the diagonals, and EF 
meets AD in O : prove that the rectangle 
EA, AB is to the rectangle ED, DGesAG 

is to GD. 
zi. 16. In the triangular pyramid ABCD, AB is at 
right angles to CD, and -40 to BD : prove 
that AD is at right angles to BC. 

1806. vi. 4. ABC is an isosceles triangle ; AE is the perpen- 
dicular from A on the base BO; D is any 
point in AE ; and CD produced meets the 
side AB at F : shew that the ratio of AD to 
DE is double of the ratio of AF to FB. 

zii. 1. Give an outline of Euclid's demonstration that 
circles are to one another as the squares on 
their diameters. 

1867. TL A. Each acute angle of a right-angled triangle and 

its corresponding exterior angle are bisected 
by straight lines meeting the opposite sides ; 
prove that the rectangle, contained by the 
portions of those sides intercepted between 
the bisecting lines is four times the square on 
^the hypotenuse. 

XL 21. Two pyramids are described, the one standing 
on a square as a base, the other on a regular 
octagon, the vertex of each being equally 
distant from the angular points of/ its base ; 
if this distance be the same for each pyramid, 
and the perimeters of the bases be equal, 
prove that the plane angles, containing the 
solid angle at the vertex of the former, are 
together greater than the plane angles, con- 
taining the solid angle at the vertex of the 
latter. 

L868. Yi. 2. Without assuming any subsequent proposition, 

prove that the equiangular triangles in eith^"^ 
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of the figures of this proposition, are to each 
'other in the duplicate ratio of the sides oppo- 
site to the equal angles. 

1868. XI. 11. Of the least angles, which a given line in one 

plane makes with any line in another plane, 
the greatest for different positions of the 
given line is that which measnres the inclina- 
tion of the two planes. 

1869. XI. 20. If be a point, within a tetrahedron ABGD, 

prove that the tiiree angles of the solid angle, 
subtended by BCD at 0, are together greater 
than the three angles of the solid angle at A. 

1870. vi. 15. Two straight Hues are given in position, and a 

third straight line is drawn so as to cut off 
a triangle equal to a given triangle ; through 
the middle point of this third side is drawn 
a straight line in a given direction, termin- 
ated by the two given straight lines : prove 
that the rectangle under the segments of the 
intercepted part is constant. 

XI. 7. In a tetrahedron each edge is perpendicular to 
the direction of the opposite edge ; prove 
that the straight line joining the centre of 
the sphere, circumscribing the tetrahedron, 
to the middle point of any edge, is equal and 
parallel to the straight line joining the centre 
of perpendiculars to the middle point of the 
opposite edge. 

1871. VI. 2. ABC is a triangle, and lines AO, BO, CO cut 

the opposite sides in D, ^, ^ ; if BF cut BC 
in G, prove that BD is to DC as BO is to 

oa 

XI. 11. The perpendiculars from the angular points of 
a tetrahedron on the opposite faces meet in p 
point : prove that the necessary and sufficient 
condition ior ^i)[iSB \s >iXia.\» ^iJaa «vfflo& ^1 nJ^r. 
squares oi pavr^ ow o^^o^Vc^ t^^^\ifc ^c\w;^ 
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1872. VL 2. Draw through a point a straight line, so that the 

part of it intercepted between a given straight 
line and a given circle may be divided at the 
given point in a given ratio. Between what 
limits must the ratio lie in order that a 
solution may be possible ? 

XL 20. If the opposite edges of a tetrahedron be equal 
two and two, prova that the faces are acute- 
angled triangles. Prove also that a tetra- 
hedron can be formed of any four equal and 
similar acute-angled triangles. 
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